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1.0 TRIG FUNCTIONS

1.1 Introduction
The Trig Functions for th&KSP Math Library are implemented using thBinary Cordic
Algorithm , usually credited tdack Volder (circa 1959). While it doesn’t converge too rapidkequiring
about one iteration per bit of accuracy, it has yndrtues that make up for this. The iteration Idaply is
extremely simple and requires only signed addigod right shifting. Thus, the needed iterations lsan
performed very quickly. Moreover, the algorithm ganvide both th&ine andCosinein one pass.
1.2 Overview of the Cordic Algorithm
The Cordic hinges on two basic ideas. First, timgtrsumber can be approximated by an algebraic
summation of an appropriately diminishing seriesixdd values. And second, that such an ‘approglgat
diminishing series’ is very conveniently producethveome rather clever simplifications of the bassctor
rotation formulae from Analytic Geometry. To illuste the general idea, suppose we want to findsthe
andCosine of some arbitrary angle. We begin with a vectov, lying on the X-axis and then rotate it by
some fixed series of reducing angigsg,, @,,... such as the binary series 45°, 22.5°, 11 &6?,We always
rotate ‘toward’ the desired input andgdeby using both positive (counter-clockwise, CCWH aregative
(clockwise, CW) rotations as needed, Bagire 1-1 The 1st CCW rotation af, = +45°, overshoot8 so we
next rotate CW by, = -22.5°. This doesn’t quite make it backbtso again we rotate CW lgy = -11.25°
which then undershoot$ so our next rotation will be CCW by +5.625°, amman. As we do this, the
algebraic summatiogs = @, + @, + @, + ... of these rotation angles will quickly appzbaand begin to
‘hover’ around) the input angle For example, irFigure 1-1, after the first 3 rotationgg = 45° - 22.5° -
12.25° = 10.25°. Note that for each successivdionia ¢ can ‘hover’ both above and beldwwith an
ever-decreasing difference (since each new rotatnghe is smaller than its predecessor).

So we begin with X=V, and Y, = 0, and then iteratively calculate new XY paws éach rotation.
After any arbitrary number of rotatioms the vectoV, will be at an anglgy, Of course at any angle, X%
V,-cosfx,) and Y, =V, -sin@,). Now, if the length of the vect®, is one unit, then X= cosfy,) and Y, =
sin(@s,). But, after a sufficient number of rotatiohNs ¢, will become8 (within some desired degree of
accuracy) and, the values,and Y, will be the desired result. That ¥§, = cos@) andY = sin(@). By
extending thep series far enough, the last value can be madenaklt as desired. Therefore, for a given
series, the degree of accuracy by whighcan match any input angleis determined by the number of
iterations performed. But, the key to the feadipitif this technique lies in choosing tipeseries in such a
way that the mathematics involved in all thesetrots can be made very simple and ‘computer-frigndl
The means by which the Cordic achieves this wiltlisgussed next.

Y
A
\Z
, v
Vs, 0
I KOS .
Vs "X
Figure 1-1

Page 3



1.3 Rotation Mathematics
Refer now tdrigure 1-2 If we have a vector of length at some arbitrary ang& this vector can be
described in terms of its X-axis and Y-axis pra@es where x 2/-cos@) and y =V-sin@). Now, if we
rotate the vectov by an anglep (relative to8), keeping the vector length the same, we can dehetnew
vector agv' (and its X-axis and Y-axis projections) as x' gheespectively (Figure 1-2).

v
X

Figure 1-2

From Analytic Geometry, the coordinate rotationaqns that relate x' y' to xy are as follows:

(1-1) x'=x-cos@) — y-singp)
(1-2) y' =y-cos@ + x-sin@)

By factoring out cosf) and changing to subscript notation, equations)(@nd (1-2) can be rewritten as:

(1-3) X,.. = cos@)[x, — y,-tan(@,)]
(1-4) Y,.. = cos@)ly, + x,tan(@,)]

Before simplifying these equations, it is importdaat understand the meaning of the subscript
notation. Equations (1-3) and (1-4) say “If we haveectorV, expressed in terms of its XY components,
X,Y,, the angle we will rotat¥, by (to get the next vectdf,,,) is @,. And, after rotation by, the new/ .,
expressed in terms of its XY components js, 4nd Y,,,”. Note that we could then derive Xand Y,,, by
simply replacing Xand Y, in equations (3) and (4) with X and Y,,,. Thus, equations (1-3) and 1-4) give
us the needed means of iteration.

Since it is desireable to make equations (1-3)(&r4) as easy as possible to calculate quickly, one
of the first things we need to do is to ‘get rid the trig functionscos(p) andtan(q). If we can’t do this then
we will have gone ‘from the frying pan into theefir After all, what good is an algorithm to calaeldrig
functions if it itself requires us to calculategtfunctions!

First let's tackle the tangent. Remember that tpl@ment the basic Cordic scheme, we need an
‘appropriately’, diminishing series of fixed anglésat we can store in a table. In the previous bfiag
explanation of the Cordic, we used the binary sett&®, 22.5°, 11.25°, etBut, it is not necessary to use
that particular series. There are many other angle series that will alsikyso let’'s examine what attributes
the@series needs to have in order to be useable.
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1.4 Choosing the Angle Series

For each iteration, the Cordic rotates its vectoihie ‘next’ angle in the series. The only decidiaik
the algorithm has to make is which direction taatet CW or CCW. In other words the decision is not
whether or not to rotate but rather in whaihection to rotate. As stated earlier, we always rotatevaa’
the input angl® and this gives rise to something like matchjgdp 6 by successive approximatiap, may
at times overshod and at other times may undersh8oBut asgs ‘oscillates’ around, it will do so with
ever decreasing error amplitude. Since each iteratan only go one of two ways (CW or CCW rotatjon)
the technique is not totally dissimilar to a binagarch, deriving one bit at a time. However, therene
notable difference. Unlike the usual binary seavbith terminates as soon as the target is fourdCtirdic
always performs a fixed number of iteratioesen if a closer or even an ‘exact’ match is foundarlier.
The reason for this will be discussed later buta assult, it's quite possible th@f may ‘match’ early on
and then move away from it (when the ‘next’ rotatis made), never to return quite as close again!
However, with a properly chosepsequence, the ‘final’ approximation @ty ¢ will always be at least as
close toB as the size of the last angle in thgeries.

Since the error in matching to 6 will obviously contribute to the error in calculag the Sine and
Cosine off, one requirement of thgseries is that the last angle in it should benaallsor smaller than the
allowable error in the sin/cos calculation. Furtrence only a single 2-way decision is made patton,
the angle series must not decrease at a rate faatethe binary series. In other words, the suth@fentire
@ series must be able to ‘reach’ the largest inpgteb within + the size of the smallest angle of the series..
As usually implemented, the Cordic handles an irmgiie range of -9 6 < +90°. So for example, @, =
45°, @, must be at least 22.5°, and in genapaimust bex @, /2. The simple binary series of course satisfies
these conditions but so also would a series¢ike @, ,»p where 0.5 p < 1. For example fop = 2/3, the
series would look like 45°, 30°, 20°, 13.33°, &&nd, this series will work but, it will take a laggtable and
more iterations compared to the bingry=0.5) series for a given precision. It shoulebdle mentioned that
the series need not use a fixed geometric progmessor example, we could use something like 48°, 2
12°, 8°, 6°, etc. Just as long as each anglesss thanits predecessor bunot less thanone-half of its
predecessor. However, when each angle is exadflytharedecessep(= 0.5) it will result in the shortest
series for a given precision and input angle raiggeunless there is good reason, we should chbese t
binary series or something very close to it.

1.5 Dealing With Tan(g)

Now, we're going to consider an angle series thauite close to the binary series but also hagsom
very ‘special’ properties that will allow us to nmeakhe tangent calculation in equations (1-3) and)(a
trivial operation. Suppose we use the arctangeigstan (2. Thus, forn = 0, 1, 2, 3, etc the series would
be: tan'(2™?), tan'(27), tan'(27), tan'(27), etc. This is simply the series of angles whasgénts are the
binary series 1.0, 0.5, 0.25, 0.125, etc. If weregp the corresponding angles in degrees thisseaeld be
45°, 26.57°, 14.04°, 7.13°, etc. Note that eaclcesgive angle is just a little more than one-htaf i
predecessor. For example the ratiapdfy, = 0.59, the ratio ofp,/@, = 0.528, the ratio o/, = 0.507, etc.
While p is not constant, it is rapidly approaching 0.5u3has the angle gets smaller and smaller, thesseri
begins to approach the binary series in that thet'rangle will be almost exactly half of its pregssor (but
never less). Clearly this series will satisfy treeded requirements that have been outlined in rnaqus
section and, since it's also close to the binarieseit should be nearly as efficient in termgatfle size (for
a given precision and input angle range).iBwijll work and, bealmost as goodas the binary series but,
what does it do for us? First, let’s rewrite eqoiasi (1-3) and (1-4) by replacing the anglevith tari’(2") as
shown in equations (1-5) and (1-6)

(1-5) X1 = cos@)[x, — Yo-tan(tan”(2")] = cos@)[x, — ¥y -2"]
(1-6) Ynu1 = COS@Y, + X, tan(tan(2")] = cos@)ly, + X, 2']
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Notice that the multiplications by tag(in equations (1-3) and (1-4) have been replacgd b
multiplication with a simple power of 2, which anms to nothing more than right shiftingand x by n
bits. But, before we can be totally rid of t@n(we need to discuss the roll of the sign of gain{ equations
(1-3) and (1-4). When we rotate CCW (consideredsitiye angle change), tag(is positive. However,
when we rotate CW (considered a negative anglege)ag < 0 and since tanf} = -tan(p), clockwise
rotation changes the sign of the tangent term. imeto take this into account is to introduce a€diion’
factord, as shown in equations (1-7) and (1-8) wherés defined such that, = +1 when we will rotate
CCW, andd,, = -1 when we will rotate CW.

(1_7) Xor1 = COS(pn)[Xn - Cir1yn2n]
(1'8) Yoe1 = Cos(pn)[yn + dnxnzn]

1.6 Dealing With Co%0)

Now let's discuss what we can do about the mutigtion by cosf). Since both X, and Y,,, are
multiplied by cos§,), we could drop this factor with the only consemebeing that the new rotated vector
will be longer by a factor of 1/cagf. To illustrate this, let’'s work with just the loleeted parts of equations
(1-7) and (1-8). If we start with,x= xx, =V, and y = yy, = 0, then xx= yy, =V,as shown in equations
(1-9) and (1-10). Here we use xx and yy to denwméepiart of x and y due to the bracketed factor @nith
the cosine factor removed). This first CCW rotatienllustrated inFigure 1-3. Note that after the 45°
rotation,VV, is now longer thaW,. This is because it is the hypotenuse of a rigahgle with both sides
equal toV,. Thus,VV, =v2V,. Now if we were to multiplyvV, by cos(45°) = M2, VV, would then be
exactly equal td/, in length (shown irFigure 1-3asV,). So leaving out the cosine factor has cavsed
grow longer (when rotated) by a factor of 1/ggs(Note also in figure 3 that and y would be shorter than
xX, and yy by the same factor of cag}.

(1-9) xx, =[XX, =YYl = [V, —0] =V,
(1-10) yy = [yyo + X%] = [0 +-V] =V,

Y
A
YY: = Vo T+ W,
Vv
Y1+ p
@, =45°
— > X
X1 Vo= XX,
Figure 1-3
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Now, let’s rotate/V, CCW by, using just the bracketed components again. Thoelledion is given
in equations (1-11) and (1-12) and grapheBigure 1-4. FromFigure 1-4 we can see thatV, has grown
again tovV,. In fact, the ratio o¥/V,/VV |, is precisely 1/cog). And, sinceVV ,/V, is precisely 1/cogf) we
can easily see the pattern developing. Thus, wedoaall our rotations using just the bracketed odirt
equations (1-7) and (1-8), as shown in equatiofis3jland (1-14). Then after any number of rotationse
can correct for the increase in vector length bytiplying by K, = cos(g,)-cos(p,)-cosp,):...cos@, as
depicted in equations (1-15) and (1-16).

(1-11) xx, = [Xx, — yyi/2] = [V — V/2] = 0.5V,
(1-12) yy = [yy, + xx,/2] = [V, +- V2] = 1.5V,

»
>

l > > X
XX,= 0.5V, Vo

Figure 1-4

(1_13) XXn+1 = [Xxn - dnyynzn]
(1-14) Y¥yiy = [yYn + X%, 27

(1'15) X1 = Kn'XXn+1
(1'16) Yor1 = Kn'yyn+1

K, is the ‘chained’ product of the cosines of eadtron angle up through theh angle. Since the
angle series is known in advance, each of theseeo$s a constant that can be determined in advanc
However one possible ‘fly in the ointment’ could the signs of these constants because as we iterate
matchgs to 6, we don’t knowin advancewhich steps will require CW and which steps walguire CCW
rotation. But, most fortunately, cog{—= cos(p and therefore all the cosines are positive addpendent of
d,. This means that the product of all the cosing®gstive and is also a pre-determined constapemigent
only on thenumber of rotations anahot on the rotation direction pattern.

Page 7



1.7 More About K
Another interesting property &F,, is that its value is asymptotic. As the numbeiterations increase
and the rotation angle gets smaller and smaller, dbsine approaches 1.0 in value. Since successive
multiplication by 1 has no effect on the produbg value oK, no longer changes when more iterations are
made. To see this, refer T@ble 1-1where the values fdf, throughK ;. are shown to 9 significant digits.
Note thatp,, and@,; are the same. Thu, has already reached its asymptote (to 9-digitraog) after 15 or
more iterations.

03 0] o 10
0.707106781L 0.632455582 0.613571P91 0.60883B912
O 03 03 o
0.607648256¢ 0.6073517YV0 0.607277644 0.60725P112
0 0 G0 (O
0.607254479 0.607253321 0.607253p31 0.60725p959
O O3 0P 0%
0. 607252941 0,607252986 0.607252P35 0.60725p935

Table 1-1

The first 16K, Values
(with 9-Digit Accuracy)

1.8 The Bottom Line

We can now express the Cordic iteration formulatheir final simplified form as equations (1-17)
and (1-18). Note that we have also simplified tb&ation by renaming xx and yy as simply x and yt Bu
needs to be clearly understood that the x andyegah equations (1-17) and (1-18) are not the semtleose
in equations (1-7) and (1-8). Rather, x and y nepresent the values due only to the bracketedqgbart
equations (1-7) and (1-8) with the cosine factonaeed (what we have been calling xx and yy). Onee w
decide on the precision we need and can thus dieketime total number of rotatioMsthat we will use, we
can use (1-17) and (1-18) iteratively to rotateotigh allN angles (realizing that the rotating vector is
increasing in size with each rotation). Then, diteptations have been been completed, we can ryukjp
and y, by K, to restore the original unit vector length.

(1'17) X1 = [Xn - q"lynz-n]
(1'18) Y1 = [yn + dnxnzn]

Alternatively, we can even avoid those final muiép by K, by considering the following. The
reason we multiply biK,, after all the iterations is because the vectagtleigrows by a factor df/K as we
perform theN rotations. So, instead of starting with a unitygth vector, we can start with an initial vector
length ofK . Then when it grows by a factor dfK,, after theNth rotation, the vector will have a length of
one And, of course, this is precisely what we wanindy-length vector, so that, = cos@) andy, = sin(@).

We’re now about ready to ‘put it all together asketch a flow chart that can serve as a General
Model for implementing the Cordic Algorithm (aswbuld be used to calculate the Sine and Cosinanof a

input angle). Once we refine our model flow chabitawe’ll begin the process of adapting the desmthe
specifics of the KSP.
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1.9 The Cordic Models for SinCos
Figure 1-5is a flow chart depicting the general logic neettestmplement the Cordic Algorithm for
calculating the Sine and Cosine of an input anigeshown it can handle any input angle from -2Qheta
< +90°. However, before ‘walking through’ this floghart, let's discuss the associated data elemets a
some of the algorithmic side issues. Whenever W& te angles, we will use degrees (90fr2 radians =
one right angle). However, as we will see laterewhdapting the algorithm to the KSRe Cordic can be
implemented with whatever angular unit system is mst suitable

As to constants, we need to set up an array cargents. This array, refered toAtsn[n] in the
flow chart, is a zero-based array whatan[0] = tar'(2°) = tan'(1) = 45. We can assume that we also have
chosen a value fdx (the total number of iterations that we will us®ur choice oilN sets the size of the
Atan array which runs from\tan[0] to Atan[N-1]. Like Atan[Q] = 45° the rest of the table elements are
also pre-computed using the formé@n[n] = tan'(2") where n = 1 to n &-1. And, since we know, we
can also precompute the constiipt(simply refered to aK in the flow chart).

As to variablesX andY have their usual meanings as the XY componentseourrent vector. The
variabled is the direction factor which is set to eithdr(CCW rotation) or1 (CW rotation). The variables
dx and dy are temporaries that hold the computearige inX’ and ‘change ir¥’ for the next rotation. And
finally, we have the angle accumulation variaBleWe use this variable to decide in which direction
rotate. Remember, we always want to rotate ‘towtrd’input angle (denoted by the input variable @&m
‘theta’. So if the accumulated rotation angpe(from our former notation), is greater théreta we would
rotate CW and if is less thatheta we want to rotate CCW. We can accomplish the dhimg by simply
initializing Z = theta and then choosing the rotation direction by alwiysg to ‘drive’ Z toward zero.
Thus, wherZ = 0, we want to rotate CCW so we would det +1 Conversely, whe@ < 0, we want to
rotate CW so we would sdt= -1.

SinCos

(theta,sin,cos)

X=K
Y=0
Z = theta
® n=0toN-1
d= S|Ign(z)
dx =Y*2"
sin=Y dy = X*2™"
cos =X |
X =X - d*dx
1 Y =Y + d*dy
Exit Z =27 -d*Atan[n]
Figure 1-5

Cordic Model #1 for SinCos
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Now let’s ‘walk through’ the flow chartRigure 1-5). Before entering the iteration loop, we set our
initial vector to a lengthK at an angle of zero ()¢ =K, Y = 0) so the vector lies on the X-Axis. We also
initialize the angle rotation accumula@no the inputheta (whose Sine and Cosine we want to calculate).
We then execute the loop bobytimes withn=0,n=1, ... nN-1.

In the loop body itself, we first determine theedition we need to rotate by examining the sigé of
and settingd accordingly (ied = +1 if Z > 0 andd = -1 if Z < 0). Next, the loop body computes ‘dx’ (the
change inX) by shiftingY to the right by ‘n’ places. Sincé can be either positive or negative at times, the
right shift must be an arithmetic right shift (whehe sign bit of the number is shifted in on &)l If only
a logical right shift is available (where a zer@aiways shifted in on the left), a special submeaitivill have
to be written to emulate an arithmetic right shext, ‘dy ‘(the change irY) is computed by arithmetic-
shifting X to the right by ‘n’ places. Then, the acto@& transformation for the rotation is performed by
subtractingd*dx from X and addingl*dy to Y. Finally, the angle accumulatdris reduced by*Atan[n].
Effectively, the angléAtan[n] is subtracted fronZ if the rotation was CCW and it is addedZaif the
rotation was CW. Then, after all N iterations anenpleted, the value of is returned as Siti{eta) and the
value ofX is returned as the Cdlséta).

The flowchart ofFigure 1-5 thus implements the CordBinCosin a fairly simple and straight-
forward way. However, it's not necessarily the éastnor most efficient implementation. Of course an
optimum implementation will be at least somewhapedwlent on the target language and/or hardware
platform, but, we can make some generalizationsitalvbat is likely. Usage of the directional factbhas a
few drawbacks. First it has to be set (by examiipgand then it has to be used in 3 multiplicatidiéile
multiplication by +1 or -1 may seem trivial, mamgplementations may actually have to go throughlla fu
multiply cycle to accomplish it. If so, adding 3 Itiplies to the loop body may impose a noticeable
execution time increase relative to the rest oftthgic operations done in the loop body. For exantpe
KSP has naexclusive-or operation and therefore about the only efficiemtywo utilized is to actually
multiply it by dx, dy, andAtan. Obtainingd from Z may also be cumbersome or slow. For the KSP ibean
done several ways with one line of code suchdas[sh_right(Z,31) .or. 1] but it doesn’t execute too fast
(worse yet would be something likel [:= Z/abs(Z) ]. So, for most implementations, the flow chartitogf
Figure 1-6 will probably execute faster

SinCos

(theta,sin,cos)
=K
=0
e

1< X

Z = theta

® n=0toN-1
dx = IY*Z'”

dy = x*2"
o5 = X
X =X +dx X =X-dx
Y=Y-dy Y=Y +dy
Exit Z =7+ Atan[n] Z =Z- Atan[n]
Figure 1-6

Cordic Model #2 for SinCos
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With the 2nd Cordic Model dfigure 1-6, we eliminate thel factor. So the loop body starts with the
calculations of dx and dy and théns tested against zero.4f< 0 the signs are reversed for the 3 remaining
assignments. While this does require us to esdlgniggpeat 3 lines of code with only the signs dajeah, it
will definitely execute faster because only oneeB lines executes per loop pass and almostuie a
simple if-else decision will execute faster thaquadngd and then multiplying it by 3 values.

Another thing we can do to speed up this algorithto reduce the angle range. As implemented so

far, the input angle can range from -8@theta < +90°. To cover the full angle range, an outer lishautine
can be used to reduce and/or reflect the inpueahfgiwever, such a shell routine can easily rednganput
angle to a range of 0° to 90°. For many applicej@nly first quadrant angles need be accomodatpday
and, when the input angle range needs to be grbatethat, we can use a shell routine. So, ifeggrict the
input angle range from 0° to 90°, there is vemyeilownside but, there is some upside. If the rgmgle is
known to be restricted to the 1st quadrant (0.,998) can essentially save one loop iteration byngla
‘pre-rotation’ of 45°, se€igure 1-7.

SinCos

(theta,sin,cos)

X =K
Y =K
Z = theta - 45°
® n=1to N-1
|
dx = Y*2"
dy = X*2"
sin=Y
cos =X £<0
X =X + dx X =X-dx
Y=Y-dy Y=Y +dy
—— Z =7+ Atan[n Z=Z7-Atan[n
Exit [n] [n]
Figure 1-7

Cordic Model #3 for SinCos

When we know that the input angle is positive (e tlst quadrant) then we know that the first
rotation will be CCW by 45°. In other words, if vegecute the flowchart dfigure 1-6 for only the first
loop pass (n = 0), initiall)X, = K andY, = 0 and after the first rotatioX, =Y, = K (reviewFigure 1-3).
Also, the angle accumulatdrwill be reduced by 45°, so after the first (n d@)p passZ =theta - 45°. So,
in our 3rd Cordic Model oFigure 1-7, we simply initialize botiX andY to K and subtract 45° from the
input angle before executing the loop. Then, bezaus have essentially accomplished the n = 0 pass,
only need execute the loop with n = 1 through <.

If the platform language supports non-zero-baseaysy we can shorten the array by eliminating
Atan[0]. If the language only supports zero based arraysaneeither include th&tan[0] value in the array
and just not use it, or, we can shift all the argents so thaAtan[0] = tan-1(1/2) = 26.57° . If we do that,
we have to access tiig¢an array with n - 1 instead of n. However, this wéhuire an extra subtraction in
the loop body just to save one array element wisightobably not a worthwhile trade.
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1.10 Early Exit Considerations

Earlier it was stated that normally we don’t shortee number of iterations the Cordic performs,
even when the cumulative angie'hits’ the input anglé early on. Now we can take a look at why we don'’t
try to use early termination. If we want to exitlgavhenZ gets close enough & we will then need to keep
an array oK, values sinc& , depends on the number of iterations.. Since wengiter know in advance
how many iterations it might take befafemeets the exit criteria, we can't initialize th@ation vector
length toK as we have been doing (because we don’t kkéeawalue untilafter we know the number of
iterations before the early exit. Therefore, wedhiestart with an initial vector length of one amden the
iteration loop exits, we then multiply boi andY by K[n]. Besides the time cost of the multiplies, there
may be scaling problems depending on the capaisildf the platform language. For example, if weeha
only 32-bit integer arithmetic (as with the KSP¥ wvan’t scal&Y to full precision if we need to leave some
headroom for the final multiply by a similarly-sedIK[ n]. So as a list, here are the disadvantages oftryin
to test for an early exit.

1, We need to store an arrayNf K, values.

2. The loop execution time is burdened with an altl test oZ against some error value.
3. We need to perform two additional multiplies aftop exit.

4. We need to settle for less precision than wotihérwise be attainable

because of headroom for scaling issues in accomgdhieK , multiplies.
5. A noticeable increase in the number of linesaafecrequired.

When we run an analysis of the execution time ggvifif any) that we obtain with all this extra
baggage, it turns out to be statistically smabexdt. Of the full input angle range, only a smaligentage of
these angles will actually result in an early e®it balance, implementing an early-exit schemedastn’t
seem worth the price so you will seldom see tha€dfor Trig functions) implemented with an eaelyit.

1.11 Adapting the Cordic to the KSP

Since the KSP has only one number type, namelyit3dgned integers, we first need to make some
choices (both internal and external) as to scallingre are basically two issues that need to bieleeécthe
calculation precision needed and, the scaling todeel for input and output. These two issues aresdat
interrelated. For example, if you ask that the atutge scaled by 10,000 and you only calculatepmeaision
of one or two-digits, you might be better off noang the output so much. The bigger you scalethput,
the less ‘headroom’ you will have for using theutes1 additonal calculations. So, generally, yaund want
to scale the output by much more than enough teeicdhe precision you are calculating to. On tlieeo
hand, there is little point in calculating to a rhuggher precision than you can deliver with youtpwt
scaling. Although if it costs nothing, it may bevesdable to calculate to higher precision becalsge tou
could increase output precision later (if you ndedly simply re-scaling the output. So, one wayl&sign
the SinCosroutine for the KSP is to select an output scaliveg seems to strike a good balance between the
likely-to-be-needed accuracy and headroom. Thepleiment the routine to calculate the highest pdessib
accuracy that can be done without cost (or at lesstpensively). But of course, shoot for at least
comparable accuracy to what is needed by the ostaling choice.

Considering what is likely to be the typical uses $ines and Cosines, for tK&P Math Library ,
it was decided to use an output scaling of 10,@0@heSinCosfunction. The input angle scaling is kind of
a mixed bag. One of the most likely uses for $ieCosfunction will be equal-power crossfading, perhaps
for adjacent pitches (as in a glider type appladtior adjacent velocity layers in a Mod-wheel colted
velocity situation. If a simple 0..127 type CC iwolved, the resolution will only be 128 steps péf. On
the other hand, if the Pitch Wheel is involved ¢éhepuld be up to 16,384 steps of resolution aviglab
(depending on the PW hardware). In any case, arn anmle unit that is an even power of two mightrimest
appropriate for direct MIDI control.
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In the case of adjacent pitch crossfading, the KIS® is in millicents but in the case of velocity
crossfading the KSP unit is the MIDI unit rangel27. If you want the angle range to ‘track’ a CQ@ yoay
want to use a power of 2 range. If you want thdearange to track a pitch, you may want to useagoamf
ten. As stated earlier, the Cordic can be impleswmtith any desired type of angular unit (and foacs
thereof), so one possibility is to choose a binaoyer such as 128, 512, or 1024. Another possibilit
because of its familiarity, would be to use degreesenths of degrees for an angle range of 0..800.
matter which scale is chosen, it will probably betright for all situations so a simple power af teas
chosen instead as a compromise. There is an anguitacalled the grad where 100 grads = 90°. This
however seems a bit course for angular resolutiothe deci-grad was chosen. This means that the 1st
quadrant angular range is covered by 0..1000 decisg(or dg). If you need to cover a range of say2@,
you can of course simply scale it up to 1000 wiime preliminary calculation such as CC*1000/127,. Or
alternatively, you can change tAg&an table by re-scaling all the values appropriatelgtiange the angular
unit. Also, if you need more angular resolution yan alter the internal scaling as will be seéegr lan.

Having decided to use an angular unit of deci-g(@d4000 range) and an output scaling of 10,000
for the Sine and Cosine, we can turn our attertitoscaling within the function itself. For a unigngth
vector, the value of orY cannot exceed that of the sine or cosine. Andgestihe vector begins Kt (which
is less than unity) and increases to a max of wbytthe last rotationX andY cannot exceed 1.0 in value.
Since 32-bit signed integers can represent valoeewhat higher than 2-1@ve can scal¥, Y, andK by
that much if desired. But of course’Miill be more human-friendly and probably still tuadequate. So |
scaledX, Y andK by 10. K needs to have the same scalingkaandY becaus& andY are initialized to
the value oK. Since we have restricted the angle range tansteguadrantX andY neverend up negative
but either can become somewhat negativeng the rotations that reduceZ to zero. This is no problem
with X andY itself because 32-bit signed integers can alsallealarge negative values. However, as
mentioned earlier, when right shiftingor Y to calculate dx or dy we must be sure taadithmetic shifts.
Fortunatelythis is what the KSBh_right function does so we don’t have to do anything sppéere.

The angle accumulator starts out at the input &nghlue, 0..1000 dg and then oscillates its way
down to zero. So its maximum range is from aboQ0-& 1000. So as long as we use dg for our angte u
we can scal& by up to 2-1Dwithout running into overflow problems. For hunfaiendliness we will scale
Z by 10. Thus, the table of arctangent values must alsschked by 10so they can be added or subtracted
from Z as we rotate. If the angular unit is changed,gb&éing may also have to be changed. For exaruaple,
change the angular unit to centi-grads (ie an inmoge of 0..10000), we would change the scalirtoln
general, the maximum angle input value times tredesmust not exceed 2,147,483,647 (the maximum
positive integer).

Finally, we need to determine how many iteratioesnged to use. If we used the binary series for an
angle series, we could expect to get about oneflptecision per loop pass. However, because tharyi
tangent series results in an angle series not @utefficient as the binary series itself, we capeet
something less than a one bit per iteration remsiuSince we have chosen an output scale ofvi® want
at least that much precision from our calculatMfith these thoughts in mind, the number of iteraiavas
set at 16 which gives us a precision of about aré ger 65,000. However, as stated earlier we simétul
expect to do quite that well for various reasong, the calculation precision ought to be at lessteral
times better than the output scaling resolution.

Now take a look at the code for tBenCosroutine as implemented for the KSP. The Cordicstamt
K has been nameK which is defined as fQimes the value that was shownTiable 1-1for @, and@.
The arctangent array is defined AagTbl[16] but AngTbl[0] isn’t actually used. It just serves as a
placeholder so the loop index can be used witheataimenting ‘n” when accessing the table as digcuss
previously. Note that thé&ngTbl array is declared indirectly with the Data FunctiommedBuildAn-
gleTable
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Now, let’'s walk through the code f&inCogang,sin,cos). We begin by initializing local vdnies X
andY to the constant value oK. Then, we subtrachng45 = 500 dg from the input angle parameter and
scale it by 10 (since theAngTbl is scaled by 19. Thus, we have initilizeX, Y, andZ to where they would

be after an n = O rotation. Now we execute thelldop’ with n = 1 to n = 15 which will give us 15are
rotations for a total of 16 rotations. Within thee-foop we compute dx and dy by right shiftiigandX by
n bits. We then ‘apply’ these changes in accordavitie the desired rotation direction (determinedthg
sign ofZ). We also updatg itself by adding or subtracting the anglegTbl[n] . When we exit the loop we
have the Sine and CosineYnandX respectively but, they're scaled by’ ¥ather than by I@&s chosen for
output scaling. So, we dividé andY by 10 and round the results to provide the fisi@ andcosoutputs.

1.12 SinCos Error Analysis
Table 1-2shows the results of running a Delphi error analg$itheSinCosroutine. Results for the
Sine and Cosine are essentially the same so oal8itie data is shown. The data was obtained bingt
Pascal emulation of tHfe&inCosroutine using data types and instructions thaabelin a manner identical to
their counterparts in the KSP (except for executioe of course). Where identical instructions di@xist,
they were synthesized. For example, Pascal hasadatyical right shift available so a subroutineswaitten
to emulate the KSP’s arithmetic right shift. Figakan ‘outer’ analysis program was written to ingdke
SinCos emulation with the full range of input angles fr@mo 1000 dg. For each input value, 8iaCos
output was compared with a very accurate value- (16 significant digits) from the Delphi Librarynd,
error statistics were accumulated and then sumethitztabular form as shown Trable 1-2below.

Top 5 +/- Absolute Error Relative Error
#1 + +7.95E-5 @Sin(23) +1.86% @Sin(2)
#2 + +7.69E-5 @Sin(1123) +1.86% @Sin(1)
#3 + +7.55E-5 @Sin(65) +0.587% @Sin(5)
#4 + +7.44E-5 @Sin(42) +0.27% @Sin(8)
Table 1-2 #5 + +7.09E-5 @Sin(188) +0.268% @Sin(4)
SinCosError Stats #1 — -7.54E-5 @Sin(31) -0.263% @Sin(3)
0utpjt68|::ear|?r:g)islo,ooo #o — 751E-5 @Sin(154) -0.261% @Sin(6)
#3 — -7.1E-5  @Sin(246) -0.26% @Sin(9)
#4 — -7.08E-5 @Sin(144) -0.257% @Sin(12)
#5 — -6.81E-5 @Sin(159) -0.155% @Sin(31)
Error Summary Data
Avg Error: +7.59E-7 +0.00476%0
Avg |Error|: +2.66E-5 +0.0143%

In Table 1-2 as well as subsequent error tables that willibeng the 5 largest positive errors and 5
largest negative errors are listed first. Thisitofved by 2 lines of summary data.
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The first column of data contains Absolute errdtar example, for a given input angpe this is
merely the difference between gph@s calculated bginCos and the more accurate s@(@iven by the
Delphi library. Of course th8inCosvalue is first converted to a real number by divdit by 10000. The
@Sindata reports the input angle (in deci-grads) atkvthe error occured.

The 2nd column contains Relative error. This isghgolute error in sig, as just described, divided
by sin(y) itself (and then multiplied by 100 percent). Yloave to be cautious when looking at Relative error,
especially for the ‘Top 5’ errors, because it'sye@msbe misled. The larger relative errors usuatlgur when
the function itself is near zero. Since the relatarror calculation contains a division by the eatf the
function itself, when the function is at or near@ehe relative error is oftesteceptively large. For example,
suppose we calculate sin(BinCos provides a result of 16/10000 = 0.0016. An aceusan(1) is about
0.001570796. Note th&inCosis ‘correct’ to its 4 decimal places. The Absoleteor for sin(1) is thus
about 0.0000292 and this is not a very large eHomwever, when we divide by 0.00157+ and multip}y b
100, we get +1.86% which may seem kind of big.

Another problem with Relative error is when the dtion itselfis zera For examplesin(0) = Q
where the calculation of relative error boils dowr0/0. In mathematics this is an indeterminant form and
most modern floating point packages will reporstas NAN (not a number). For this reason, the Relat
Error data was taken with the input angle rangérsat 1..1000 dg (instead of 0..1000 dg as forAhsolute
error data).

The Summary data is probably the most useful imtgls what is going on, error-wise, especially
for relative error. Thé\vg Error is the algebraic sum of all the negative and pestrrors while thévg
|Error| is the average of the error magnitudes. Perhamtist meaningfudingle number in the summary
is the absolutévg |Error| because this number represents the avesage magnitude, independent of
sign. If the errors are balanced, #heg Error should be near zero or at least a lot smaller gwan|Error]| .

If Avg Error is nearAvg |Error| can be an indication that there is a ‘bias’ in ¢éners. And, often times
such an error bias can be removed, resulting iovanall error magnitude reduction.

Now, let's see what we can conclude from the dat@iable 1-2 for the KSP implementation of
SinCos Since we are only scaling our ouput value by &0en if we compute the Sine perfectly, we would
expect an output error of 5-1fhax with anAvg |Error| of 2.5-10 due to quantization errror (remember we
have a resolution of only 0.0001 =*)0Looking at the maximum absolute errors we seg #re less than
8-10° and ourAvg |Error| is only 2.66-10. This means the biggest part of the error is duguantization.
To verify this, | changed the output scaling td,1dhd re-ran the error analysis, Seble 1-3 The max
absolute error dropped below 3.1°18nd theAvg |Error| dropped to 1.02:10 On the other hand,
increasing the output resolution by another faofdrO, sedrable 1-4 made only a minor improvement. The
error data obtained with an output scaling of 100,0acks well with the theoretical 1 part in 65)G0r 16
iterations. And, comparingables 1-2, 1-3, and 1-4he data says that our calculation accuracytiebian
our output resolution but not by a great margin.iSmight be just about where it should be.

If we keep the output scaling at*l@nd use one less iteration, the max absolute Bses to about
9.5.10 and theAvg |Error| rises to about 3-10 Although computer-dependent, tinCos routine
typically executes in less than 9 psecs. If yoydnoe iteration, this drops by about 0.6 ps. Téné iexactly
an exciting speed improvement to trade for the @oaccuracy so it seems like 16 iterations (inclgdhe
first ‘free’ one) is a fairly good choice for antput scaling of 18 For more information about the execution
time of the KSP Math Library routines, see the Iemark info in Appendix A.
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Top 5 +/- Absolute Error Relative Error

#1 + +3.09E-5 @Sin(50) +0.586% @Sin(2)
#H2 + +3.01E-5 @Sin(194) +0.163% @Sin(6)
#3 + +2.97E-5 @Sin(89) +0.128% @Sin(11)
#4 + +2.96E-5 @Sin(21§) +0.0982% @Sin(19)
#5 + +2.95E-5 @Sin(23) +0.0859% @Sin(15)

. Table 1-3 #1 — -3.38E-5 @Sin(44) -0.687% @Sin(3)
SincosError Stats #2 - 324E5  @Sin@d  -0.231%  @Sin{7)
Output Scaling = 100,000 #3 — -3.13E-5 @Sin(54) -0.209% @Sin(4)
#4 — -3.11E-5 @Sin(308) -0.151% @Sin(12)

#5 — -3.1E-5 @Sin(248) -0.08% @Sin(16)

Error Summary Data
Avg Error: -1.51E-7 -0.000242%
Avg |Error|: +1.02E-5 +0.00625%
Top 5 +/- Absolute Error Relative Error

#1 + +3.05E-5 @Sin(23) +0.459% @Sin(2)
#2 + +2.99E-5 @Sin(5Q) +0.195% @Sin(6)
#3 + +2.89E-5 @Sin(113) +0.116% @Sin(11)
#4 + +2.87E-5 @Sin(89) +0.0986% @Sin(15)
#5 + +2.84E-5 @Sin(47) +0.0915% @Sin(19)

Table 1-4 #1 — -3.04E-5 @sin(d) -0.645% @Sin(3)
SinCoskrror Stats #2 3E-5  @Sin(93)  -0.249% @sin(7
Output Scaling =1,000,009 43 _ -2.94E-5  @Sin(179) -0.225% @Sin(4)
#4 — -2.91E-5 @Sin(159) -0.13% @Sin(12)

#5 — -2.9E-5 @Sin(73 -0.114% @Sin(1)

Error Summary Data
Avg Error: +1.45E-§ -0.000453%0
Avg |Error|: +9.76E-6 +0.00611%
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So, returning tdrable 1-2 let's see what else we can conclude. Alag Error is about 100 times
lower than the max absolute error and about 30stilme&er than thévg |Error|. Together, this tells us that
the errors are pretty evenly distributed polariigevand that both polarities have about the sareeage
amplitudes.

Now take a look at some of the Relative Error datapointed out earlier, the max errors are always
larger than the Absolute Errors, sometimes decelgtiso. Let’'s take a look at the worst onelable 1-2
which issin(2) (where the relative error is shown+k86%). The absolute error f@in(2) isn't among the
Top 5 positive errors so we can’t read its value frdable 1-2 But, we can easily run our test program and
ask the KSFsinCosroutine what the sine of 2 dg is. The scaled duymiget when we do that is 32, which
in real numbers i9.0032 According to my HP Scientific calculatosjn(2) = 0.003141587Thus the
absolute error isin(2) must be 0.000058 and our calculation (plus quatiti) error in determiningin(2)
is a little more than half-way between quantizasiteps. This of course is not really a very langereout the
problem is that it must be divided bin(2) and then multiplied by 100 (to express it in patteThus, for
smaller angles liksin(2), the absolute error is multiplied by a fairly mgmber, abouB1,831in the case of
sin(2). Because of this ‘error magnification’ for smalhghes, we can expect a rather non-uniform
distribution of error amplitudes, with all the largerrors crowding toward the lower angles. Notd the
overall Relative Error magnitude, Ae/g |Error| is only0.0143% Whereas the max relative error (+1.86%)
is more than 100 times that!

So, overall and considering the likely uses for $i@Cosroutine, the accuracy and output scaling
will probably be a good fit. However, it should beted that if you need more accuracy in your regolt
can easily obtain it by some appropriate combimatib increased output scaling and/or by increasey
number of iterations. The final limit of accuracyllvof course be controlled by the precision of [32-
integers themselves. However, remember thalXthé, andK values are scaled by 2Go there is quite a
ways to go before you'll bump into that limit.

As mentioned earlier, you might also have someiegjubn where you need more resolution in the
input angle. As it stands, the input range is @0land therefore the input angle (along with thetasgent
table) can be scaled by®1{f you ‘open up’ the angle resolution, you withVe to reduce the angle scaling
factor proportionately so that the maximum inpuglartimes the scaling will stay under 2>.1iyou need to
increase the number of iterations, you will alseehto extend the arctangent table. This is very éaslo
because the last angle in the tablArgTbl[15] is 0.019428deci-grads, or less th&00175? When angles
get this small, the tangent of the angle is alneasictly equal to the angle itself (in radians). rEfiere, no
matter what unit the angle is in, if we cut thegeamt in half (to continue the binary series of t&mg), the
angle will also be cut in half. So all you haveltoto extend the angle table is to continue digdime angle
by a factor of two for each new table entry.

If you want to change to a different angular uttits too is easy to do. All the data affecting asgl
resides in the Data Function namBdildAngleTable. Suppose you want to express the input angle in
degrees with a resolution of one degree. Thusnihg angle range will be 0..90°. To make this geredit
the SetAngleUnitsfunction as follows. First, change the constamh@@Ang90 to a value of 90 (from its
present value of 1000). Note that wh&ng90 is changed, all other dependent angle constanth (as
Ang45) will automatically be changed. Now, since the raagle has decreased by more than a factor of 10,
we can increase angle scaling fromi tt010. So, change the value of thagScaleconstant from 1,000,000
to 10,000,000. Now let’s look at the arctangenietabhe conversion factor to change from an angular
measure of deci-grads to degrees is 90/1000 = Bi09.since we are also going to scale all angles®
now instead of 1) we need to multiply by another factor of ten. ®e,simply multiply eacngTbl array
value by0.9and round it to the closest integer.

Page 17



For exampleAngTbI[3] now is79166848(in deci-grads scaled by )0so in degrees scaled by'10
it would be71250163 Once these changes are made tdBihi&AngleTable function, theSinCosroutine
will calculate the Sine and Cosine of any inputlarigpm 0 to 90° (with a one-degree resolutiod@TE: If
you changé\ng90, be sure the new value is an even number becheg®d-loop operation has to rotate the
vector by Ang45 which should be exactly half oAng90. Therefore you should not choose an odd
subdivision of a right angle for your new angulaitu

1.13 Extended Input Angle Range

The SinCos routine is designed to work only when the inpuglans in the range of 0..1000 dg
(0..90°). However, since the angle series is bardtie binary series of tangents, the total offedlangles in
the table somewhat exceeds 90°. Therefore, if dhing program might sometimes produce anglestle lit
outside of this 0..1000 rang8inCoswill still deliver the correct answer. This littleonus range is abotit
110 dg but generally, if your application uses d¢argngles, you need to use the ‘shell’ routine rame
XSinCos This shell routine extends the allowed angle eatogthe full range of a signed integ&SinCos
first reduces and/or reflects the input angle sdirst-quadrant equivalent and then attaches pipecpriate
signs according to the actual quadrant the inpgteafalls in. This angle reduction is performed thg
support routine nameleduceAngle

1.14 Derivative Routines

Sincetan(q) = sin(@/cos(), the Math Library can easily calculate the tangdéran angle also. Thus,
the library has a pair of routines that use 8weCos routine to provide the tangent. The routine named
Tangent returns the tangent for only a first-quadrant anglereas the shell routine namgd@angent
allows any input angle that can be represented38+it signed integer. Unlike the Sine and Cosuhéch
are continous functions with a magnitude betw@®mandl.0, the tangent has ‘infinite’ discontinuities. For
example, the tangent of 90° is infinite. Therefahe, value of tan(1000) cannot be represented aviyhreal
number. However, since tan(999) is about 637, (87000 when scaled, this is the largest normialeva
apart from tan(1000) that can be output. SoTtharegent routines denote the tan(1000) situation with an
output of +100,000,000and similary output a value 6f00,000,000for tan(-1000), or the reduceable
equivalents of these angles. This outputD®0,000,00Ghould be viewed more as a flag or sentinel rather
than as an actual number, since the true valueng£1000) cannot be properly represented.
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2.0_FAST LOG FUNCTIONS

2.1 Introduction
The Fast Logarithmic Functions of tk&P Math Library (includingGet_db) are based on a binary
log approximation given byohn DeVos(circa 2001). This algorithm, as refined and adajite the KSP,
has surprisingly good accuracy (about 0.01%) astl(&bout 2 psecs) execution time, see Appendikha.
procedure is very compact, needs no lookup tabid, l&kke the Cordic, is well suited to the KSP’s
capabilities and usage.

2.2 Log Basics and Notation

By definition, the logarithm oK to the basé is the power to which must be raised to obtakf.
Mathematically, this is usually expressed by sayhmg if; Y = log,(X), then b’ = X. It is important to
emphasize thdi can be any number as longkas 1. The most commonly used base for logarithmi€.ign
fact log ,(X) is usually called the ‘common log’ of and is often written without the 10 subscript, for
exampley = log(X), is usually understood to mean that the baseeofatparithm is 10. Another often-used
base is a transcendental number (fikelenoted by the Greek lete(or often just a lower cag® which has
a value of abou®.71828...Logarithms to the baseare called ‘natural’ logarithms. The natural Idgkocan
be written adog(X) but is usually written with the shorthaln{X) . One fortunate property of logarithms is
that if we can determine logs to any basewe can easily convert them to any other bad®/ simply
multiplying by a constant equal dlog,,(n). So, if we choose to compute logs to base 2 we can easily
write some simple shell routines that will givelogs to thebase 10or logs to the baseor whatever base
we might desire.

2.3 Binary Logarithms
The rest of this presentation will concentrate ppraximating the binary log functioiY, = log,(X).
So, as a shorthand ftwg ,(X), we will use the notatioig(X) or Lg(X). When the base is an integer, a
logarithm is usually considered to be made up af parts, annteger part called theharacteristic, and, a
fractional part called thenantissa Thus, we can represebg(X) as shown in equation (2-1) whdre
stands for théog characteristicandLm stands for théog manitssa

(2-1) Lg(X) = Lc(X) + Lm(X)

For binary logsl.c(X) is the closesinteger power of twothat is equal or less thahin value. Thus
for exampleLc(12) = 3 because 2= 8 (which is less than 12) and=216 (which is more than 12). So, the
actual value of.g(12) must be greater than 3 but less than 4. Whénexactly an integer power of 2, then
Lm(X) = 0. For all otheiX (greater than one and not an exact integer pof\@y, 6 < Lm(X) < 1.

If X is expressed as a binary numheax(X) can be computed very easily. Numbering the bibéry
positions ofX in terms of their equivalent powers of two (ie LSB)), Lc(X) can be obtained by merely
finding the highest ‘on bit’ position in the numb¢r For example, if we write the number @ése 10) as a
32-bit binary number we have:

(2-2) 44,=0000,0000,0000,0000,0000,0000,0010,3100

Since the number 44 only has ones in bit positigr&and 2, this makes 5 the highest on-bit pasitio
Therefore,Lc(44) = 5and thud.g(44) must lie between 5 and 6 (sincen(X) < 1). Finding the highest
on-bit is a simple matter of shifting and bit tagt{which are elementary operations) so, we cacktuand
easily obtain_c(X). Thus the problem of finding a good approximationlfg(X) reduces to one of finding
a good approximation farm(X) . This situation is depicted graphicallyfigure 2-1where a short segment
of Lg(X) is plotted along with itkc(X) component.
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Figure 2-1

Y =Lg(X) vs Y = Lc(X)

In Figure 2-1, notice that.c(X) has a staircase shape that only touchekdf€) curve at the points
whereX =2, 4, and 8 in the drawing. These are the imtpgeers of two which of course will continue with
16, 32, 64, etc (if we were to extend the drawimgtle right). If we were to uskc(X) as a crude
approximation foriLg(X), the error in that approximation would be as shawthe bottom dashed curve.
Alternatively, since we know from equation (2-1athm(X) =Lg(X) —Lc(X), we could simply reverse the
sign of this dashed error curve (flipping it upsattavn) and it would be a plot of what the needettfion
for Lm(X) looks like.

Looking at the dashed error curve, we can see theaterror is cyclical and it depends ®'s
relationship to the surrounding powers of two ratian on the absolute value %f Each adjacent pair of
integer powers forms an interval (over which th&ugaof X doubles). InFigure 2-1, one such interval is
from X = 2to X = 4. The next such interval is froX= 4 to X = 8, and the next such interval would be from
X =8to X = 16 etc. In general, we will denote any such intemsabeginning aX, and ending aX, (where
both X, andX, are always adjacent integer powers of 2). Foradrilgese intervals, the value loin starts at
0 and increases to a valueloby the end of the interval and this cycle repéat&®ach subsequent interval.
For example, aX = 2,Lm = 0 and increases iom = 1 asX approached. ThenLm drops back t® only to
increase t.m = 1 again wherX approaches, etc. This of course produces an ‘upside-downiertsf the
dashed error curve as already mentioned. Now, vithgearithmetic interval betweeX, and X, keeps
increasing as we move to the right, the geomatierval remains constant (ie tbdgference X, - X, keeps
doubling for each new interval but thegtio X,/X, remains constant at1).

Thus, in seeking an approximation fan(X), we need only find the function for any arbitraiy.X,
inverval.Figure 2-2depicts just such an arbitrary interval for analyi this figure X, is of course assumed
to fall on an integer power of two and therefore dashed horizontal line ha¥ avalue of Lg(X,) (which of
course is also the value bE(X) as long as{, < X < X,). These important relationships are expressed in
equations (2-3) and (2-4).

(2-3) X, =2
(2-4) X, =2-%,= 20"
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A Typical Interval fromX, to X,

2.4 Approximating the Mantissa

One of the first approximations fam that we might try would be to use a linear rampeachX,
X, interval such as the one depicted by the greens@gment ifrigure 2-2 But, by itself, this scheme has
unacceptably large errors. And, worse than that,gtneral shape of the error would be very diftical
correct. So, if possible, we'd like to develop gp@ximation forLm that’s nearer to the log curve itself in
shape. Now it just so happens that one unique propé a logarithmic curve is that theopeis a very
simple algebraic function (even though the log figrcitself is transcendental). DeVos’ idea wagxploit
this property of logarithms by developing an appreation for Lm(X) based on thslope of the Lg(X)
curve (not too dissimilar to performing a Newtowlstteration).

Refer now toFigure 2-3 where we have modifie@ligure 2-2 slightly. For one thing, we have
replacedX, with the more genera. This is meant to represent axyalue within theX, to X, interval. We
have also identified the points at whigl andX intersect the log curve & andP, respectively and, we
have drawn a straight line segment connecting thesepoints. This line segment could be viewed ras a
approximation forLm(X) which is correct aX, and X and is low everywhere else in the interval. The
important things to remember about this line segnsethat it passes throudh and it intersectX atY =
Lg(X). Of course if we didn’t already have the curveYor Lg(X), we couldn’t have located the poit
(except wherX = X,) and therefore we couldn’t have drawn the linerseg fromP, to P,. But we’re going
to see if we can construct such a line segmengubim slope oEg(X).

Y =Lg(X)

Xo Figure 2-3 X <X,
Sub Interval fronX, to X
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Looking atFigure 2-3, it's easy to see that there must be a point eridfy curve, betweeX, andX,
where theslopeis the same as that of tRg, P, line segment. By eye, the log curve appears t@ ast
about the right slope at a point around midway ketwX, andX as shown irFigure 2-4. In Figure 2-4, the

point on the log curve that has a slope equalabahtheP,, P, line segment has been identifiedsand
its X coordinate has been label€g.

=Lg(X)

Figure 2-4
Matching Slopes

Now if we lower theP,, tangent line (keeping the same slope) until ispaghrough the poif,, it
will also pass through the poiR§. Thus, wecan construct a line through, andP, if we can locate the point
Xy and if we can calculate the slope of the log catvthatX,, value. From differential calculus, tiséope
(usually denoted bgn) of a logarithmic curve such &= Lg(X) is given by:

(2-5) m = dy/dx = K / X

In equation (2-5)K is aconstant(that depends on the base of the logarithm). kamgleK = 1 for
the natural log function whilg = 1/In(2) for the binary log function. The important thirggrtote is thakK is
constant(ie independent oX) and therefore the slope is just inversely proportional #. Thus, if we have
Xu, We can easily calculate tséope of the log curve akX,,. Referring now td-igure 2-4, the slope of the
Py, Py line segment is given by equation (2-6) while $lape of the log curve & = X,, is given by equation
(2-7).

(2-6) m = Lm(X)/(X - X,)
(2-7) m; = KIX,,

And sinceX,, is about midway betweex, andX, we can express the valueXyj using something
like equation (2-8) wherp will have a value neds.5.

(2-8) Xy =p-(% + X)

Now, substituting (2-8) in (2-7) and then equatiigs) and (2-7), we can dervive an expression for
Lm(X) as shown in equation (2-9).

(2-9) Lm(X) = (K/p)-(X - Xo)/(X + Xo)
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In equation (2-9)K is a constant equal tIn(2) andp is a value nedd.5. It should be pointed out
that as it stands, equation (2-9n just an approximation for Lm(X) it is exact (to the extent that we can
determine the value gf). Now, it would be nice ip (like K) was a constant but unfortunately that's not
possible. Ifp were a constant, we would have an algebraic farfar a transcendental function (which of
course is impossible by the very definition of se@ndental functions). However, while the valup wéries
over the interval fronX, to X, its variation is rather small (on the order-df1% over the full interval). So,
if we choose a single, representative valuepfoequation (2-9) might provide us with a fairly-gbbrst
approximation for Lm(X) . Sincep varies withX we need to chooge at some particular value &f and in
order not to have a discontinuity>at, we need to ‘forceLm(X) = 1 atX = 2-X,. So, let’s find the value of
p at X = X,. To do this, we substituté = 2-X, in equation (2-9) and solve f&7/p. When we do this, we
obtain the simple result thEi{p = 3. Thus, our approximation faum(X) is given by equation (2-10)

(2-10) Lm(X) = 3-(X - X)/(X + X,)

Now combining this mantissa approximation with tdearacteristic we previously determined, we
can express our first complete approximationLig{X) as shown in equation (2-11).

(2-11) Lg(X) = Le(X) + 3-(X - X)/(X + Xo)

2.5 Error Correcting the Result
As it stands, equation (2-11) provides a fairlysagable approximation fdrg(X) with an overall
average relative error on the order@®7%. However, when we examine a plot of the remairengr,
relative to a precision value ftug(X), we note that the error looks very nearly parabaléeeFigure 2-5.
Note again that the error shape remains consiggeametrically) from interval to interval, and thue
should be able to correct for a large part of tereaining error with a simple 2nd-order error term.

0.020—

2 4 6 8 10

Figure 2-5

Remaining Approximation Error
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An expression for a parabola such as that shoviAgiare 2-5is given in equation (2-12). To match
the peak error ifrigure 2-5, Pewould be abou0.0150375However, since the residual error shape is not
precisely that of a parabola, the optimum valuade forPeis best determined experimentally after all the
algorithmic details are in place and a numericadreanalysis can be run. Meanwhile, the final egpi@n for
our Lg(X) approximation is shown in equation (2-13).

(2-12) err(X) = Pe-[ 1 — (2-X/%— 3f]
(2-13) Lg(X)= Lc(X) + 3-(X - X)/(X + X,) - err(X)

2.6 Modeling DeVos’ Method
We can now begin the process of modeling DeVosaBirLog approximation (in preparation for
adapting it to the KSP). We begin with a fairlyagght-forward model that depicts the foregoingtsgg in
flowchart form, shown ifrigure 2-6. This first flowchart presumes the availabilityprécision arithmetic so
no integer scaling or operational ordering is iatkcl other than the scaling of the output valge.

Log2
(X,Lgx)
I
Lc = TopBit
X0 = TopBitValue

BitLc=0
X0 shr 1
Lc-1
:

Lm = 3*(X — X0)/(X + X0)
err = Pe*[1 - (2*X/X0 — 3)7]
Lgx =Lc |

Lgx =Lc+Lm—err

I

Lgx = Lgx * LogScale

Exit

Figure 2-6
DeVos Model #1 for Log2
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Now, let’'s walk through the flow chart ¢figure 2-6 and relate it to our preceding derivation of
DeVos approximationLog2 will be called with an input argumekt (which is presumed to be an integer
from 1 to TopX). The routine then returns the binary logarithnXdas an integdrgx (the true log scaled by
the valueLogScalg. Of course the reason for scaling the outpubithatLog2(X) can be represented as an
integer for the KSP.

On entry toLog2, we first set the variablesc = TopBit and X0 = TopBitValue. TopBit and
TopBitValue are both constant3.opBit is the highest on-bit position for the maximu¢rvalue allowed
andTopBitValue is the numerical value of that bit (flepBitValue = 2'**"). For example, iTopBit = 15,
thenTopBitValue = 2'° = 32768 If TopBit is 15, it means that the largest inpitvalue cannot have bit 16
or higher set. Therefore the maximum valuXdhat can be acceptedlispX = TopBitValue*2 — 1 (which
is 65,535in the case ofopBit = 15). Theoretically, for the KSP, the DeVos algoritkti operate correctly
with aTopBit as high as 30 (bit 31 is used as the sign bhenkdSP arithmetic package). However, the lack
of anything but integer arithmetic requires scakmgl headroom to maintain reasonable precisions,Twe
shouldn’t expect to be able to us&@pBit value much higher than 15. More will be said as tater.

Returning now td-igure 2-6, after initializingLc andX0, we next execute a while loop to find the
highest on-bit position iiX. This can be done by usiX® as a bit-mask and testing the corresponding bit in
X to see if it's on. If notX0 is right shifted by one bit position ahd (the bit number) is decremented. As
long asX is a value betweeh.TopX, the while-loop will exit withLc equal to the highest on-bit position in
X andX0 will be equal to the numerical value of that BibusLc is now the log characteristic & andX0
is the lower integer power of the interval thais in.

Next, if X = X0 (meaning thaK is an exact integer power of twa)gx is simply set td_c (because
the mantissa will be zero and needn’t be calcu)at&ldernatively, if X # X0, then the right-hand branch is
taken to compute the mantissa. First the mantiggmo&imtion, Lm is computed and then the error
correction termerr. ThenlLgx is formed ad.c + Lm — err. Finally, the value oLgx is multiplied by the
desired output scaling factbogScale Of course when we do the real KSP version, taérggof the output
will be more distributed and will include highetenm scaling and even different amounts of scdiarghe
various components making up the log.

Now take a look at the flowchart shownRigure 2-7. The first thing to note is we have added some
‘front-end’ logic to procesX values that fall outside the range franto TopX. The log ofX = 0 is minus
infinity and the log ofX < 0 is in the imaginary realm. So the first thing @md model does is to simply
return a value oNAL whenX < 0, whereNAL is a constant currently defined ds000,000 When the
routine returndNAL , it should be viewed as a sentinel meaning thatdarithm is ‘not defined’ (rather
than as the correct numerical result). The nextgtkigure 2-7 does is to check againstTopX. If X >
TopX, the routine simply returnglaxLog which is a constant currently defined as the 16§ @pX + 1.
Only whenX lies betweerd...TopX inclusively, does the model flowchart execute‘thus’ of the algorithm
that was depicted iRigure 2-6.

The model algorithm oFigure 2-7 was coded in Pascal and run using high-precidaatifg point
arithmetic. This was done to avoid arithmetic rangderrors so that the best value #8e could be
determned. The best value fée was found by monitoring the error statistics whiteying the value oPe
in the vicinity of its theoretical 0.015 value. Bed running this analysis, the parabolic error figmc of
equation (2-12) was rearranged as shown in equéid4).

(2-14) err(X) = Pe — (Pe-X/(X0/2) — 3-Pépe

By arranging the expression this way, it will adamtre easily to the KSP and it will allow us to
avoid a runtime multiply by 3 since we can pre-defanother constant equal 3ePe We can further
minimize the residual error of DeVos’ approximatibwe slightly adjust the value of this coefficteaso.
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Log2

(X,Lgx)
X<0
X > TopX
Lgx = NAL
Lc = TopBit _
X0 = TopBitValue Lgx = MaxLog
BitLc=0
X0 shr1
Lc-1
X =X0
o x=x
Lm = 3*(X — X0)/(X + X0)
err = Pe*[1 - (2*X/X0 — 3)7]
Lgx = Lc |
Lgx=Lc+Lm—err
Lgx =Lgx * LogScale

2.7

R —

Exit

Figure 2-7

DeVos Model #2 for Log2

Log?2 Error Analysis

Once it was realized that the optimum coefficientthe3-Petermwasn’t going to be precisely 3
equation (2-14) was rewritten as shown in equaf@®h5) wherePe3is now a new constant (rather than a
runtime multiply ofPe by 3). The final result of this error analysisealed that the optimum values for the
constantsPe and Pe3 were Pe = 0.01483(&ndPe3 = 2.991*PeWith these values and nearly error-less
arithmetic, the residual error was analyzed andl&ébd as shown imable 2-1

(2-15) err(X) = Pe — (Pe-X/(X0/2) — Pe3pe
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Top 5 +/- Absolute Error Relative Error
#1 + +0.000335 @Lg(45569) +0.015% @Lg(3)
#2 + +0.000335 @Lg(45797) +0.00919% @Lg(6)
#3 + +0.000334 @Lg(22723) +0.00776% @Lg([L1)
#a4 + +0.000334 @Lg(45446¢)  +0.0074% @Lg(5)
Table 2-1 #5 + +0.000334 @Lg(22577) +0.00662% @Lg(l2)
Log2(X) Error Stats #1 — -0.000335 @Lg(2093) -0.00643% @Lg(17)
Using High-Precision,
Floating Point Arithmetic #2 — -0.000335 @Lg(4190) -0.00583% @Lg(B3)
Input X from 3 to 65,535 #3 - -0.000335 @Lg(838Q)  -0.00552% @Lg(7)
output svcv;?ng 10,000 #4 — -0.000335 @Lg(1676Q) -0.00517% @Lg(B4)
#5 — -0.000335 @Lg(33520) -0.00487% @Lg(66)
Error Summary Data
Avg Error: +1.9E-5 +0.000131%
Avg |Error|: +0.000162 +0.00113%

Table 2-1uses the same format as the Trig error analaldes 1-2, 1-3, and 1-4Refer toSection
1.12for details of this format. The main purpose odlgsis with high-preciion arithmetic was to detemmi
the best accuracy that the DeVos approximatiompgble of. Unlike the Cordic where we can alwaysdo
few more iterations or like a series expansion whee could always add another term or two to irsgea
accuracy, the DeVos methagl only as accurate as it i@nd if we need more accuracy, we will probably
have to seek a different algorithm. Further, we aasume that once we adapt this algorithm to the,KS
there will likely be further error introduced dueinhteger arithmetic limitations.

Preliminary analysis of probable internal scalimgl daeadroom requirements indicated that output
scaling would have to be limited to about 20,00Ga@r Since the most convenient scalings for users a
simple powers of ten, this meant that when we athaptalgorithm to the KSP, we would likely needset
the output scale to 10,000 (since 100,000 wouldigcectalculation headroom too much). Therefore, for
Table 2-1, even though our arithmetic was essentially drex, there is some quantization error introduced
due to using a scaled integer for output. In otherds, when taking the stats fbable 2-1, an output scale
factor of 10,000 was used (since this was the\lik&P scaling). So, the statistics fbable 2-1represent
about the best performance of DeVos’ approximati@t we can expect if we limit output resolutiondto
decimal places (10,000).

Running the same analysis with output scalings200,000shows a modest improvement in overall
accuracy. For example, the absoltttenax error reduces td.00029and the absolutAverage |Error|
becomed).000161 This tells us that the DeVos approximation iStéel more accurate than an output
scaling of10,000can utilize but not much. This is essentially what want (see the discussion on this
subject inSection 1.1). Of course we have to realize that when we attaptalgorithm to the KSP, we can
expect some further degradation of accuracy but watreful scaling and arithmetic operation ordering
should be able to come close to the accuracy apinfTable 2-1 And considering the likely uses for log
functions in the KSP, the accuracy provided by thethod should be sufficient for many applications.
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2.8 Adapting Log?2 to the KSP
When working with all-integer arithmetic, one oftlbiggest losses of accuracy comes from any

divisions that have to be performed. For examplénteger arithmetic, 3/4 isn’'t 0.75 it's zero! fonimize
these kinds of truncation errors, expressions meée arranged so that as many multiplicationsoasiple

are performed before each division. The main idet® ibe sure the dividend is as large as it camade
before dividing it. Thus, to keep precision highere is a constant need to use scaling factorst@nd
rearrange the order of operations to keep dividésnd®. But, on the other hand, you have to leacigh
headroom so that all the scaling and other multiglgloesn’t cause arithmetic overflow for some ealof

the input argument. Generally, you should reféh&oflowchart ofFigure 2-7, and the actual source code for
Log2, throughout the remainder of this discussion aap#aidglLog?2 to the KSP.

In the normal full-calculation branch of the code form the output folgx by adding the 3
componentd.c, Lm, anderr, as indicated in equation (2-13), and the sumhefé¢ components is to be
scaled byLogScale= 10000 when output. But, besides the output sgalve want to use as much interim
scaling as we can in order to minimize arithmetime¢ation errors. So, even thougb, Lm, anderr will
need to have the same scaling (in order to be adtlexte components can have different scalingthéar
interim calculations. Of course sinte is a small integer of 16 or less (and its valuexact) it poses no
special scaling problems. So, we will concentratdle interim and final scaling used fam anderr. In
real numbersl.m ranges fron0.0 to 1.0anderr ranges fron0.0 to 0.01%out the trick is to calculate these
values using all-integer arithmetic while still m&ining multi-digit, fractional precision for therhet's
first concentrate ohm. Equation (2-10) gives us the expressionlfor in real numbers but in integer
arithmetic we can include a scaling fadtonScale as shown in equation (2-16).

(2-16) Lm(X) = 3-LmScale:(X =¥)/(X + X,)

To determine the maximum value we can usd.fo6cale we need to know the max value tixat
X0 can attain. First we note thdtranges fron¥X, to 2-X, for any interval so thaX — X, can be at mo.,.
Thus, the value akmax —X0 = 2'° (usingTB as a shorthand for tfeopBit setting). And, the product of
3-LmScale-(Xmax — XOmust of course be less thai to avoid arithmetic overflow. Thus, we can write t
inequality shown in (2-17).

(2-17) 3-LmScale<2 ™
Thus, forTopBit = 15,LmScale must be less tha?l,845 And, since final scaling fdrm is to be
LogScale = 10000it will be convenient if we keepmScale a simple integer-multiple dfogScale So at
TopBit = 15, LmScale = 20,000= 2-LogScalewould seem a good choice. When we compute equation

(2-16), we can avoid a runtime multiply by 3 by plgndefining a new scaling constdni3 = 3-:LmScale
And, sinceLmScaleis 2* LogScale(or 20,000), we have:

(2-18) Lm3 = 3-2:-LogScale

Now, take a look at the code line liog?2 that first calculatetm, shown here as equation (2-19).
After doing this calculation.m will be scaled by*LogScale We will leave it this way until we are ready
to combine it with the calculated error term.

(2-19) Lm := Lm3*(X =X0)/(X + X0)

Page 28



The calculation of the error term is more complexl énvolves more interim operations than the
calculation ofLm as we will soon see. With real numbers, the cateuh oferr can be carried out as shown
in equation (2-15). To do this calculation with-miteger arithmetic, probably the easiest way toonfuce
the needed scaling will be to define two integerstants name8PeandSPe3(for scaledPeand scale®e3
respectively). Thus, equation (2-15) can then beitien as equation (2-20) which will yield the kxherror
term.

(2-20) err = SPe — (SPe-X/(}2) — SPe3)SPe

It is also convenient to do the calculation of (- two stages as shown in equations (2-21) and
(2-22). In (2-21), we calculate the part of (2-H0at is to be squared and assign it to a tempmangable
err,. Then, in (2-22), we complete the calculationhef scaled error.

(2-21) err, = SPe-X/({/2) — SPe3
(2-22) err = SPe —errl-errl/SPe

Now, to determine the max value we can useHerscaling, from (2-21) we can see that one
condition is thaSPe-Xmust be less tha2’ to avoid arithmetic overflow. Since the max vabfeX is 2*°,
we can express this condition with the inequalft{2s23).

(2-23) SPe<?

The next arithmetic overflow possibility can oceunen we multiplyerr , by itself in (2-22). So, we
need to determine what the max valuedor, can be. In (2-21), for any given valueX® 1, X0/2 = 2°*
(note forX < 1, an earlier exit from the routine will be takerdar will not be calculated). Thusc will
not be less than one and we can perform the divisi&Pe-Xby X0/2 by simply right shiftingSPe-XbyLc
— 1 bits. We know that the rati® < X/(X0/2) < 4 and we also know that the ratio 8Pe3/SPas about
2.991 Thus, we know thatrr, must be in the range €9.991-SPe& err, < 1.01-SPeand thuserr,-err, is at
most1.02-SPe-SPerhus, we can now express a second scaling liontan the form of the inequality of
expression (2-24).

(2-24) 1.02-SPe-SPe £'@r SPe < 1.4.2 = 45,875

Comparing (2-23) and (2-24), we note that (2-28)ales a lower scaling limit than (2-24). Therefore
our scaling limit will have to be 32,767 as stabgdequation (2-23). Now, the desired real valueHer=
0.014830is well-approximated by the integer ratiold,313/1,100,000And, sincel6,313is less than half
of 32,768we can make&Pe= 2*16,313 = 32,626vithout arithmetic overflow. Therefore, we defitie
scaledPe constantsSPe = 32,62&ndSPe3 = 97,5842.991*SPeto the closest integer). Furthermore, since
2*1100000 = 220*LogScaleafter we calculateerr using SPe and SPe3 we can reduce the scale to
LogScaleby dividingerr by 220which we define as another constBeScale = 220

Now locate the first code lines after the line tbaltulated. m (the lines beginning witkrr :=). The
first line calculate®rr, but rather than defining another variable, we jissterr. This code line multiplies
SPeby X and then right shifts the product by —1 bits. From thisSPe3is subtracted and thus the value of
err is now that oerr, in (2-21). The next line of code essentially firés the calculation for scaled error as
shown in (2-22). At this point the valueenr is the error value scaled PgScale*LogScale = 2,200,000
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Remember, on the other hand, that is scaled b@*LogScaleso, beforeerr can be combined with
Lm, we have to rescale it. Therefore, the next liheoale rescalesrr by first left-shifting it by one bit (ie
multiplying by 2) and then dividing that value BgScale The actual line of code executed is shown in
equation (2-25). Thus the scaling is converted fid@bScale*LogScaldéo 2*LogScale which makes the
scaling oferr the same as the scalinglof.

(2-25) err := (sh_left(err,1) + PeRound)/PeScale

Now, since we are multiplying the previously scaéetbr (where the scaling was 2,200,000) by an
additional factor of 2 before we divided BgScale we need to verify that this does not cause ahrastic
overflow. From equation (2-12) and lookingFagjure 2-5, we can see thatrr in real numbers (not scaled)
ranges fron0 to +Pe Therefore, the max value efr is aboutPe and2,200,000*Pe = 32626This, when
multiplied by 2 is thus a max of 65,252 before agdPeRound and dividing byPeScale PeRound is
merely half ofPeScaleand thus equals 110 (which clearly will not proglan arithmetic overflow).

So, now thaerr andLm are scaled the same, we can combine them anduhéer reduce their
scale fromLogScale*2to LogScaleonly. At the same timeL(n - err)*LogScale can then be combined
with Lc*LogScale to produce the desired outputlgk = (Lc + Lm - err)*LogScale. This last executable
line of code foLog?2 is shown as equation (2-26).

(2-26) Igx := Lc*LogScale + sh_right(Lm - err + 11)

Analyzing equation (2-26)rr is first subtracted fronhm (remember at this point they are both
scaled byLogScale*? and then their difference (plus one for roundiisglight shifted by 1 bit effectively
dividing by 2. ThusL.m - err is now scaled only blyogScaleso it can be added tac*LogScale to obtain

Igx.

2.9 Log2 Error Analysis
A Pascal emulation of this KSP algorithm was writéend various error data was collected. The stats,
shown inTable 2-2 were taken for aX range from 3 to 65535 (X = 1 and 2 are excludexhbse their logs
are 0 and 1 respectively and trivial to calculatén@ut error).Note that the error data irable 2-2generally
comes pretty close to that of the error-less amdiergiven inTable 2-1, in fact theAvg |Error]| is the same.
The only significant difference is that the maxim@mors are a little larger for the KSP versionisTh
indicates that our scaling and operation orderiag dccomplished its objectives.

2.10 Derivative Routines
BesidesLog2, the KSP Math Librar y implements three other routines that directlyiralirectly
depend orLog?2 for support. The three dependent routines are damelLogl10, andGet_db.

The Natural Logarithm Function

The functionLn(X,Igx) returns the baselogarithm,Igx, of the input integeX. The return valuégx
is an integer scaled 0,000ie Igx = Ln(X)-1000Q The formula used is given in equation (2-27) wher
Ln(2) = 0.693147183which, expressed as a ratio of integers, can belynapproximated by050/10171
with 9 digit accuracy.

(2-27) Ln(X) = Log,(X)-Ln(2)
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Top 5 +/- Absolute Error Relative Error
#1 + +0.000353 @Lg(45825) +0.015% @Lg(3)
#2 + +0.000352 @Lg(45069) +0.00919% @Lg(6)
#3 + +0.000352 @Lg(45965) +0.00776% @Lg(11)
#4 + +0.000352 @Lg(45559) +0.0074% @Lg(b)
#5 + +0.000351 @Lg(699) +0.00662% @Lg(12)
#1 — -0.00036 @Lg(33721) -0.00643% @Lg(17)
#2 — -0.000357 @Lg(16787)) -0.00583% @Lg(33)
#3 — -0.000357 @Lg(33574) -0.00552% @Lg(7)
#4 — -0.000354 @Lg(1041) -0.00517% @Lg(34)
#5 — -0.000354 @Lg(2082) -0.00488% @Lg(15)
Error Summary Data
Avqg Error: +1.81E-5 +0.000125%
Avg |Error|: +0.000162 +0.00113%
Table 2-2
Log2 Error Stats
TopBit =15

InputX range: 3 to 65535

The Common Logarithm Function

The functionLog10(X,Igx) returns the bas&0 logarithm,Igx, of the input integeX. The return
valuelgx is an integer scaled 1#0,000ie Igx = Log,(X)-10000 The formula used is given in equation
(2-28) wherelLog,,(2) = 0.301029996vhich, expressed as a ratio of integers, can peoapnated (with
9-digit accuracy) by.2655/42039

(2-28) Logy(X) = Log,(X)-Log,(2)

The Get_db Function

The functionGet_db(VR,Vol) accepts an input signal ratio (scaled 13009 and returns the
equaivalent volumeYol, in mdb for the scaled ratidR. Get_db uses the formulae given in equations
(2-29) and (2-30). Her¥R is presumed to be 10,000 times the signal N6, (whereV/V , ranges from
0.0001 to 1.0000 Thus atv = V,, Vol = 0 mdb and atv = V,/1000Q Vol = -80,000 mdb.For ratios in
excess 0ofL..0 (ie VR > 10,000 Get_db simply returns 0 mdb and fMR < 1, Get_db returns the constant
value Muted’ (which is currently defined a£00,000 md¥).

(2-29) Vol = 20000-Log(VR/10000) = 20000-[Log(VR) —4]
(2-30) Vol = 20000-Log(VR) —80000
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3.0 Extended Log and Exponential Functions

3.1 Introduction
The KSP Math Library’s fast log functions are basaedthe cleveDeVos’ Approximation which
provides good accuracy and fast execution (abqudez, see Appendix A). However, for all its virtuds,
does have its shortcomings.

1. There isn’'t any reasonable way to extend itsi@cy.
2. Computational headroom requirements precludagrt argument range above 65,536.
3. The algorithm cannot be easily reversed toigdethe antilog function.

So, for situations where any or all of the aboersegeded, thKSP Math Library now has a full set
of extended log functionstogether with theircorresponding exponential/antilog counterparts As
already discussed with the trig functions, @@RDIC algorithm has a number of attributes which makes i
almost ideally suited for the KSP. And, while thegmal Cordic was developed to solve vector rotati
problems, the key ideas and benefits of the Cdrdie since been applied to many other kinds oflpnos;
including the calculation of logarithms and expdreds. Since Cordic methods are so compatible wieh
capabilities of the KSP, the Extended Log and Exptial routines were implemented using a set of
Cordic-like algorithms.

As implemented (20-bit precision), the averagecatien time of these functions is on the order of
10 psec (again see Appendix A). While slower thanDed/os Approximation, overall accuracy is better
than 6 decimal digits over the entire positive gaterange (1 to 2,147,483,647). Moreover, the dlyors
accuracy can easily be extended further, to asdsgB0 bits (at a time cost of about 0.6 usec geitianal
bit). Of course Cordic methods always require alslmakup table (one entry per bit of precision)tbithe
same lookup table supports both logs and the quvreing exponential (antilog) functions.

3.2 Extended Log Functions
Cordic techniques can be adapted to comjuatgarithms rather easily and the specifics of how it
was done for the KSP Math Library will now be désed. Throughout the following discussion, we wile
the shorthand notatidrg(X) to meanog,(X), ie the base 2 logarithm &f. First we note that any integ¥r
> 0, can benormalized to the range 01.0< nx < 2.0as shown in equation (3-1). Therefore we can asil
reduce the domain of our algorithm to thahgf as shown in equation (3-2).

(3-1) X = nxsZ
(3-2) Lg(X) = Lg(nx2") = Lg(nx) + Lg(2") = C + Lg(nx)
In equation (3-2), the ter@ is the integer part dig(X) (the characteristic) and, for 32-bit signed
integers, is in the rande< C < 31 The termLg(nx) is the fractional part dfg(X) (the manitissa) and is

confined to the range dd.0< Lg(nx) < 1.0 Thus our ‘inner’ algorithm need only operate witthe limited
range ofnx.

Now, since we know that the log of a product isgsame as the sum of the logs of its factors, we can
write the identity shown in equation (3-3). Or, fmasier subsequent discussion and manipulatiorgamwe
restate this identity with the more usual compextation of equation (3-4).

(3-3) Lglnxe(1 +bye2")o(L + bs2%)e ... (1 + Re2™)] =

Lg(nx) + Lg(1 + be2") + Lg(1 + be2?) + ... Lg(1 + Re2™)
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N N
(3-4) Lglnxel] (1 +be2") = Lg(nx) + ZLg(L + b,e2")

In this identity,b, is eitherO or 1 and will be determined for each inner loop itematbased on a
comparison to be defined subsequently. By examitiiegght side of equation (3-4), we note that whien
= 0, the summation term will becomey(1) = 0 and whenb, = 1, the same term becomeg(l + 2").
Therefore, we can repositidm (without changing the identity) as shown in equa{(3-5).

N N
(35) Lglnxe[1,(1 + 2" = Lg(nx) + Zb,eLg(L + 27)

On the left side of (3-5) we note that is multiplied byN factors that are eithdr+ 2" (whenb,, =
1) or1.0(whenb, = 0). We are going to design our algorithm to chobsdb} series such that the product of
nx by theseN factors will be driven t@.0. And, as the left-side product approacBd}s equation (3-5) can
be rewritten as equation (3-6) from which, aftdvisgy for Lg(nx), we obtain equation (3-7).

N
(3-6) Lg(2.0) = Lg(nx) +2beLg(L + 2)

N
(3-7) Lg(nx)=1.0 —ngtlan-Lg(l + 27

Figure 3-1illustrates the iteration-loop logic needed toamplish the job. To drive the cumulative
nx product t02.0, each loop pass determines if multiplying by te&trfactor,(1 + 2"), will move nx closer
to 2.0 without exceeding it. If sdy, is considered one amck is multiplied by(1 + 2", ienx is increased by
sx. Meanwhile, the desired mantissa is accumulated wihich is initialized tol.0 outside of the loop and
then each timenx is increased, Lg(1 + 2") is subtracted froom. The N values forLg(1 + 2") are
pre-computed and stored irLags array. Each element of th@gs array is computed per equation (3-8).

(3-8) Logs[n] = Lg(1 + 2"

Note that if addingx to nx would cause it to exce&0, b, is essentially considered to be zero and
the right, null branch is taken. Thus the valuexis effectively multiplied byl.0 and accordinglyzero is
subtracted from the manitisea as dictated by equation (3-5). Note also thatutation ofsx involves only
a right shift ofnx by n bits.

In order for this algorithm to work, it must always possible to force thex product to approach.0
within the required accuracy. Note that the sedédactors,(1 + 2" follow a decreasing geometric
progression, namel.50, 1.25, 1.12%tc. FoN = 20, the maximum product of theBEfactors is somewhat
greater thar2.38 (when allb,, = 1). Therefore, as long as is in thedomain from 0.84(ie 2/2.38) t02.0,
thenx product can always be forced to approadhclosely. How closely depends on the valuexitself
but the product can always be driven to withione-half of the LSB’s value (if we bias the masdgiseed
properly to balance the positive and negative syithis will be discussed later).

With N < 20 the domain ohx is slightly reduced. For example, with BInof only 6, the maximum
product is > 2.34. This translates to a convergatweain from0.86to 2.0. But since the normalizemix
always exceed4.0, we will never have a problem with convergenEgure 3-2 depicts the complete
algorithm forXLog2 and its core support routind_g.Core is shown inFigure 3-3. These charts will be
discussed in the next section.
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1.0<nx< 2.0

n<N
% |

sx = nx«2"

(2.0 - nx)= sx

\ NX = Nx + sX
m = m — Logs[n]

Figure 3-1 n=n+1
Iteration Loop Logic for Log Algorithm °
XLog?2
X, 1) lgx = Lg(X)*10°
X<0
XLg.Core
lgx = NAL * T'W
lgx = 10+C + M
Exit
Figure 3-2

Extended Binary Log Function
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XLg.Core Lg(X) = C + me10°
(X,.C.m) 0<C<30
. | X 0sm<10
C=30
nx = 2¢nx
c=C-1

1.0<snx<2.0
{ } l

nx=1.0

]

m = 1.0 - Logs[N}/2 m=0
{ Scaled by 10} { Even Power of 2}
n J—' 1
® (n < N) and (nx# 2.0)
|
SX = nxeZ2"

(2.0 — nx)= sx

NOTE: Logs[n] Table
is scaled by 10

nX = nx + sx
m = m — Logs[n]

m = (m + 500)/1000
{ Downscale m to 10}

I

Exit

Figure 3-3
Binary Log Core Function
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3.2.1 XLog2 Algorithm

Figure 3-2 shows the ‘outer’ shell of thExtended Binary Log function. The routine begins by
testing the input valuX. If X is zero or less, it's logarithm is undefined (eitlt’s infinite or imaginary) so
the token value foNot A Log, is output NAL is currently defined as:00+10). However, ifX is a positive
integer greater than zero, the core support funétiay.Core is invoked. This routine accepts axy 0 and
returnsLg(X) in the form of an integer characterigficplus a mantissa (scaled by a factor dfo®). Finally,
the scaled output resulgx, is computed by multiplyindC by 10° and adding it to the already scaled
manitissam. Thus the output result Isg(X) scaled byl0’. Obviously, most of the work is done by the
XLg.Core routine but this routine is factored outXifog2 because it is also used ¥izn andXLog10.

A flow chart for XLg.Core is shown inFigure 3-3. Remember that on entry to this functi&ns
always guaranteed to be greater than zero. S{nisean integer, it has an implied binary point jtesthe
right of bit 0 and it has an implied exponen®bfThe variablex, on the other hand, is to be interpreted as
though it has a binary point just to the right @f3®. Therefore, wheK is copied intax, it has the effect of
reducing its value by a factor &F. By initially settingC = 30, and viewinghx with its binary point between
bits 29 and 30, we can say tm#2° = X. Next, we normalizex by testing bit 30 and if it's zero, we left
shift nx until bit 30 becomes one. We also decrement therantC for each left shift ohx. Thus, when the
normalizing loop exitsnx+2° still has the same value Xs but nownx is normalized to the rang® < nx <
2.0andC is not only thenx exponent it is now also the integer charactersticg(X).

After normalizationnx is tested to see if only bit 30 is on (ie all athis are off). If so, it means that
X is an integral power of 2 and the mantissa wilkbeo (so the right-hand branch is taken). Howeterx
# 1.0, the left branch is taken to compute the mantBséore entering the iteration loom is initialized to
1.0 (minus a rounding bias) amdis set to one for the first iteration. The reagamthe rounding bias is as
follows. When the iteration loop runs it will trg drivenx - 2.0. However, sinceax is never allowed to
exceed2.0, the final value fonx will always be2.0 or less, but never moreUnlike the Cordic algorithm
used to compute trig functions, this variant usesesided series instead of an alternating sertass, the
mantissa which is reduced for each incremembgfwill either be at or above the correct redult never
below it. Since the maximum mantissa error that can oscequal to th&ogs value for the least significant
bit, ie Logs[N], the error ‘noise’ will be confined to the zonerfr zero td_ogs[N]. By initially subtracting
Logs[N]/2 from the mantissa, we ‘balance’ the errors by mgvihe error ‘noise’ into the zone from
—Logs[N]/2 to + Logs[N]/2 It also should be pointed out that, for maximuwecgsion, the mantissa is scaled
up by a factor ol.0’ (as are all theogs[n] table entries).

The main logic of the iteration loop has alreadgrbdiscussed in conjunction willigure 3-1, but
now we need to discuss a subtle detail. Since wérging to ‘drive’nx to 2.0, and sincenx has its binary
point just to the right of bit 30, if we do manatgedrivenx precisely t02.0, bit 31 (the sign bit) will be
turned on. If the KSP had an unsigned integer tiye wouldn’t be a problem (since we don’t need any
negative values for this application). But, unfodtely, the KSP has only a signed integer data type
available for us to use. However, the internal @spntation employs 2's complement coding for negati
values. Therefore, if all we do is add and subtraetcan use KSP integers as though they werenegsignd
allow the use of bit 31 to represeh0. For example, suppose the current valuexof 0x7FFFFFFF, and
we add one to it. It will very nicely becor@@80000000which is the same thing an unsigned integer would
do. Problems only arise if we try to multiply, die&, compare, right shift (or display) such a vdlaeause in
the KSP, all such operations tréa80000000as though it was a bigegative number. The long and the
short of it is that we can treak as though it were an unsigned, 32-bit integeoag ks we are very careful
about what kind of operations we subject it to hadl we interpret what happens. In the iteratiorplobthe
Xlg.Core routine, there are two related areas where we toeled aware of this potential sign bit problem.
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As we iterate and ‘push’ the valuerof toward2.0, we do so from the low side, ie we never allow
to excee®.0. However, if during some iterationx becomes preciseR.0, we can quit the iteration process
because the mantissa will be as accurate as itggygoi get. Now take a look &tigure 3-3 and the
while-loop’s condition for continuing. The two conditions imedsare that the loop index must not
exceed\ andnx must not be preciseB.0. Therefore, on any loop passnit should become precisel/0
(ie 0x80000000), the iteration loop will terminalénis allows us to save the time it would take éofgrm
the remainingNl — n) iterations but, that isot the primary reason we need to do tfilse main reason for
taking this early exit is to protect us from the sjn-bit problem. To see why this is so, we need to look at
the loop’s comparison test (for whether or not w&e addsx to nx without exceeding@.0).

Again, refering toFigure 3-3, we note that the left branch of the iterationplaequires that we
compare thelifference betweemx and2.0to see if it is equal to or greater than the psgpisx increment
we want to add toax. As long asix < 2.0 we can subtracix from 2.0 and the difference will be a positive
integer. Remember thatOis actuallyox8000000(and if we subtract from that any value in the rangé.0
< nx < 2.Q it will result in a value less than 0x80000000akthe KSP will see as a positive value that can
then be compared against the positive valugx@nd come up with the correct decision. Howevenxit
2.0 (ie 0x80000000), when we try to compwe by right shiftingnx, we will run afoul of the sign-bit
problem right off. This is because the KSP only hasarithmetic right shift (ie the sign bit is alyga
propagated). So, for example, if we warto be one-half ofx (viewed as a positive value), when we right
shift it we would want 0x80000000 to become Ox40mID But, the KSP will instead produce
0xCO0000000). Therefore, when we comp@® — nx)againstsx, sx (which is now negative) will always
appear to be less th&n.0 — nx) By taking an early exit of the iteration loop whex = 2.0 we can avoid
this problem.

After exiting the iteration loop, the manissa isa@led down froml0’ to 10° before exiting the
XLg.Core routine. Remember thaD’is the scaling used by thegs table to obtain as much precision as
possible with a simple power of ten. Another factb? could be used without exceeding the posiitteger
range butL®’ will be more than adequate for our current, 64digitput resolution.

| should mention that if you examine the coding tlee mantissa calculation, you will see a few
differences. For one thing the total number ofiti@nsN is replaced by the constant nantedBits and the
rounding bias ofLogs[N]/2 is replaced by the constant name8@B2. You might also notice that the
while-loop test fornx = 2.0is actually coded asx = 0. This is becaus2.0 is actually0x80000000which
the KSP sees as a negaitve number. So as lomg=$, it hasn’'t yet reache®.0. Finally, the comparision
of (2.0 — nx)againssx, which could have been coded as:

if (080000000 — nx) >= sx

is coded a little more compactly by utilizing soold-fashioned, bit-twiddling tricks. The actual @oglused
IS:
if (-nx-sx)<0

Proof that this construct yields the same resulhasormerwill be left as an exercise for the intrepid. ;-)

3.2.2 XLog2 Error Data
Absolute and Relative errors are shown for Xveanges infables 3-1 and 3-2Table 3-1was run
for all integer input fron8 to 10,000,00Qvhile Table 3-2was run over the entire positive integer rangmfro
310 2,147,843,647as usual | left ouX = 1 and X =2because their log calculation is trivial). Thesfithing
to note is that there is very little differencele two tables which indicates uniformity over émire integer
range (ie larger input arguments do not incur laegeors). This is typical of a good-quality lognfttion.
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Top 5 +/- Absolute Error Relative Error
#1 + +1.19E-6  @Lg(6747585)(+1.48E-5% @Lg(181)
#2 + +1.18E-6  @Lg(3664835)|+1.34E-5%  @Lg(249)
#3 + +1.18E-6  @Lg(7329670)[+1.33E-5% @Lg(67)
#4 + +1.18E-6 ~ @Lg(8025027)|+1.31E-5% @Lg(362)
Table 3-1 #5 + +1.18E-6 ~ @Lg(9874757)|+1.27E-5% @Lg(193)
XLog2 Error Data #1 — -1.19E-6 @Lg(7021419)(-4.72E-5%  @Lg(5)
X =3 to 10,000,000 #2 — -1.19E-6 @Lg(2893151)(-3.3E-5% @Lg(10)
#3 — -1.19E-6 @Lg(5786302)(-3.28E-5%  @Lg(7)
#4 — -1.19E-6 @Lg(4900791)(-3.16E-5%  @Lg(3)
#5 — -1.19E-6 @Lg(9801582)(-2.53E-5%  @Lg(20)
Error Summary Data
Avqg Error: -3.94E-9 -1.86E-8%
Avg |Error|: +4.05E-7 +1.86E-6%
Top 5 +/- Absolute Error Relative Error
#1 + +1.19E-6 @Lg(362754385)| +1.48E-5% @Lg(181)
#2 + +1.19E-6 @Lg(725508770)| +1.34E-5%  @Lg(249)
#3 + +1.19E-6 @Lg(1451017540)+1.33E-5%  @Lg(67)
#4 + +1.19E-6 @Lg(1897458009) +1.31E-5%  @Lg(362)
#5 + +1.19E-6 @Lg(111726627)| +1.27E-5%  @Lg(193)
XLo%ata #1 — -1.2E-6 @Lg(1698874571)-4.72E-5%  @Lg(5)
X =310 2,147,483,647 #2 — -1.2E-6 @Lg(1311428671)-3.3E-5% @Lg(10)
#3 — -1.19E-6 @Lg(1311871439)-3.28E-5%  @Lg(7)
#4 — -1.19E-6 @Lg(1179306189)-3.16E-5%  @Lg(3)
#5 — -1.19E-6 @Lg(1675314951)-2.53E-5%  @Lg(20)
Error Summary Data
Avg Error: -3.94E-9 -1.33E-8%
Avg |Error|: +4.04E-7 +1.37E-6%
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On the Absolute side of the ledger, the max eraoesno more than 3 times the average variance (ie
the average error magnitud®/g |Err|). And, the +/- errors are well balanced sinceAkg Err is about 2
orders of magnitude below ti#esg |Err|. Overall the error stats are fairly impressivedasutput scaling of
10°. On the Relative side of the ledger, the worse ¢imnv-valued argument) error is less than 0.0001%.

3.2.3 XLog10 and XLn Functions

The naturalXLn, and commonXLogl0, functions are derived froldLog2 by multiplying by the
constantd n(2) andlog(2) respectively. However, this process is not qustsimple as it was for then and
Log10 functions. The extended log functions have 10@srgreater precision and produce output values
more than 100 times greater than their DeVos copates which leaves less ‘headroom’ for the muiktgpl
tion. The maximum output value of téog2 function is nearly31+10 which leaves only a factor of 69 or
so left for headroom. To illustrate this dilemmar KLog10 we need to multiplyXLog2 by a ratio of
integers which will approximat®g(2) = 0.301029995% a sufficient degree of accuracy to maintain tmos
of XLog2's precision. If the numerator of this ratio is treged to be no higher than 69, the best ratio
available is59/196which has a value @.301020408vhich has too much error comparedXioog? itself.

There are two basic techniques we can use to ‘paackvay out of this box’. For one thing, we can
keep the integer part ®fLog(X) = C separate from the fractional pat, and operate on them separately.
This will ‘open up’ the headroom, especially forwhere it is needed most. This is the reason tieatore
support routine outputegl andC values separately. Another thing we can do isarfynd a suitable ratio for
M that has a lot of prime factors. If we can comemith such a ratio, we can alternate several midspand
divides and get at least some of the precision tdrger numeratior without exceeding our headroom.
However, in order to be able to recombideand C when we're doneC must be scaled by0’slog(2)
becauséV is already scaled 10",

The needed factor of 10°log(2) = 301029.9957to 10 significant decimal digits) can be very
closely approximated with the ratf®139989/233SinceC is at most 30, the multiplier of 70139989 can be
used without exceeding the positive integer lirkibr the needed! factor, the raticl05244/349613 =
0.301029996has about 9 digit accuracy. But, the maximum eatM is 10°, so we can’t simply multiply
by 105244 without exceeding the positive integemiti However 105244 = 283317 and 349613 =
1137859 Therefore, we can multiply by thislog(2) approximation with(M+1208/407+83 + 400)/859
where the +400 is for rounding adjustment. Note #@0 was determined empirically to provide slightl
better error balance than the normal half-adjuktevaf 429.

Table 3-3presents the error data d§k.og10. When comparingable 3-3with Table 3-2 at first it
might appear thaXLog10 has less error thafl.og2 on which it is based! For example, the averagelats
variance foXLog2 is 4.04+10" whereas the average absolute varianc&fmg10 is only2.74+10". Yet we
know intuitively that the base conversion we perfed will have to introduce additional error oveattiof
the XLog2 function itself. The reason for this apparent ddidtion is that for any giveiX, XLog10(X) is
less than one third the valueXifog2(X). If the multiplication bylog(2) was errorless, the resulting error in
XLog10 should be around 3 times less than the errofling2. The fact that the error is not that much
smaller clearly demonstrates that we did introdadeditional error in converting the log base frorto2L0.
This can also be seen by comparing Redative average variance foXLog2 and XLog10 which are
1.37°10°% and3.09+10°% respectively. So, far from getting a ‘free lunefé have worsened the precision
by a factor of abou2.250r so but it’s still quite respectable.

ConvertingXLog2(X) to XLn(X) is performed in a similar way except that we dow@éd to use the
prime factor trick. FoXLn we multiply C by 49906597/72andM by 1588/2291 Table 3-4 presents the
error stats for th&XLn function. Comparing thRelative variance ofXLn with XLog2, you can see that we
actually fared a little bit better than f§t.og10 in that error has only been increased by athotor so.
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Table 3-3

XLog10 Error Data
X = 3t0 2,147,483,647

Table 3-4

XLn Error Data
X =3t0 2,147,483,647

Top 5 +/- Absolute Error Relative Error
#1 + +9.46E-7 @Log(166890284D)3.12E-5%  @Log(19)
#2 + +9.46E-7 @L0g(139988079P%3.02E-5% @Log(193)
#3 + +9.46E-7 @Log(166890284{1%3.02E-5%  @Log(121)
#4 + +9.46E-7 @L0g(166890284P)2.72E-5%  @Log(249)
#5 + +9.46E-7 @Log(1399880791}2.69E-5%  @Log(386)
#1 — -8.96E-7 @Log(15887) -6.58E-5%  @Log(11)
#2 - |-8.93E-7 @L0g(8923) -5.34E-5%  @Log(3)
#3 — -8.91E-7 @Log(31774) -5.34E-5%  @Log(9)
#4 -  |-8.89E-7 @Log(17846) -5.07E-5%  @Log(22)
#5 — -8.87E-7 @Log(63548) -4.12E-5%  @Log(44)

Error Summary Data
Avg Error: +4.28E-§ +4.79E-7%
Avg |Error|: +2.74E-7 +3.09E-6%

Top 5 +/- Absolute Error Relative Error
#1 + +1.79E-6 @Ln(34114266) |+3.47E-5% @Ln(19)
#2 + +1.78E-6 @Ln(33726560) |+2.31E-5% @Ln(38)
#3 + +1.78E-6 @Ln(34467321) |+2.2E-5% @Ln(8)
#4 + +1.78E-6 @Ln(38593106) |+2.18E-5% @Ln(772)
#5 + +1.78E-6 @Ln(34894585) |+2.17E-5%  @Ln(563)
#1 — -1.82E-6 @Ln(2140567513)-5.9E-5% @Ln(7)
#2 — -1.82E-6 @Ln(2140567512)-5.67E-5%  @Ln(5)
#3 — -1.82E-6 @Ln(2140567511)-2.99E-5%  @Ln(35)
#4 — -1.82E-6 @Ln(2140567510}-2.92E-5%  @Ln(70)
#5 — -1.82E-6 @Ln(2140567509)-2.88E-5%  @Ln(140)

Error Summary Data
Avg Error: -3.01E-7 -1.43E-6%
Avg |Error|: +4.72E-7 +2.3E-6%
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3.3 Exponential (Antilog) Functions

In addition to the Extended Log functions, the KBRth Library provides a complete set of
complementary exponential functiorisxp2, Expl0, and exp provide the inverse functions &fLog2,
XLogl0, XLn respectively. For exampl&xp2(Igx,X) accepts an input valugx (scaled by 19 in the
range from0.0 to 31.0and returns a positive integer reskltin the range from 1 to 2,147,483,647. Or,
mathematicallyX = 29" The basic exponential algorithm is implementedrbyersing’ the Cordic
techniques used for the extended log functionatt, fthe sameogs array is used so no additional lookup
table is required. Also, like the extended log tiowts, the natural and common exponential rout{eep
andExp10) are both based on the binary exponential corgrmeu

3.3.1 Exp2 Algorithm
To compute the value of = 2°, for any real value oZ, we can reduce the domain of the exponent
by noting that we can always replacavith C + M, whereC is an integer an¥ is in the range 00.0s M
< 1.0 Therefore X can be expressed as shown in equation (3-9) amguetingX = 2° can be reduced to
computing2” wherel.0< 2" < 2.0and then left shifting the result iBybits.

(3-9) X=F"M =22

To develop the necessary Cordic relationships, eggnbwith the identity of equation (3-10), or more
compactly as shown in equation (3-11).

(3-10) fofof, ... f, =2 where: Q =Lg(f) + Lg(f,) + Lg(fy) + ... Lg(fy)

N N
311 [1f,=2  where: Q :nZng(fn)

These equations merely state that the productyo$eainof factors is equal to the antilog of the safm
the logs of those same factors. This of course fsn@lamental property of logs and antilogs. Now,
multiplying both sides of equation (3-11) 8% and then solving fa2", we obtain equation (3-12).

N N
_ Q, — oM-Q,
(3-12) 2'=2" 2% 1, = 2 len

Now, if we choose the factofg f,, ... f, to be as shown in equation (3-13), we can revegjgation
(3-12) as shown in equation (3-14). Like for ¥leog2 algorithm,b,, will always bezero or onebased on a
test that we will perform in the iteration loop. drwe will construct the iteration loop logic sutfatM —
Q will be driven tozero and therefor@"® _ 1. Under these conditions, equation (3-15) can el us
calculate the value &".

(3-13) f,= 1+ Q2™

N N
(3-14) 2'=2"%[1 (1 + 2"  where: Q=2 belg(l +2")

N
(3-15) 2' =T (1 +pe2")
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The flow chart segment iirigure 3-4 depicts the needed logic for the iteration loopfdBe entering
the loop, the valud (the fractional part of the inpi) is scaled up from0’ to 10’ to align its scaling with
that of theLogs table. Remember thM is confined to the rang®:0 < M < 1.0(but scaled by . As the
loop iterates, a series bbgs will be subtracted fronM in order to drive the value & - 0.0. This series
of Logs represent§) in equation (3-14). The value bf is determined by testing the current valudvbto
see if is large enough to alloogs[n] to be subtracted from it without going below zdfcso, b, can be
considered to be one ai®K, the cumulative scaled product, will also be updaOn the other hand, if
subtracting-ogs[n] from M would causé/ to become less thdn0, b, can be considered to be zero &
will not be updated.

Before entering the iteration looBX is initialized to1.0 (but scaled by % for precision). Thus as the
loop iterates an —Z Lg[n] approaches zer&X will approach2"+2*°. Note for each loop pass with =
1, SX will be multiplied by(1 + 2", per equation (3-15). Also, note that this muitigtion can easily be
performed with a simple right shift and add opemtithe hallmark of Cordic iteration.

Similar to the Cordic Log function, the exponentialation loop series wnipolar so thatM always
approache®.0 from the positive side and is never allowed to become negative. Therefoeegtinor band
in driving M to zero has a peak to peak rangeLofis[N], and is centered dtogs[N]/2. Thus, the
corresponding value &X will either be correct or low, but never high. #s the Cordic Log function, this
error band can be balanced by simply adding a dvresl (equal t&.ogs[N]/2) to M.

Figure 3-5shows the outer shell f@xp2. The input valudgx is assumed to be scaled 1y (just
as it would be if it was the output L.og2). Of course it is not necessary that the input@ariginate from
XLog2, but input scaling by fds needed (to provide reasonable precision whempating ). If Igx =
31.Q the outpulX is clamped to the maximum positive inteddaxInt = 2 - 1. For all other input values,
lgx is passed as input to the core support routineedaxi2.Core shown inFigure 3-6 and will be
discussed next.

0.0<M<1.0
{ Scaled by 18}
SX=1.0
{ Scaled by 2°}
n=1
n<N
M = Logs[n

M =M — Logs|[n]
SX = SX + SXe2"

n=n+1

Iteration Loop Logic for Exponential Algorithm

Figure 3-4
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EXp2

(Igx,X)

XP2.Core

X = Maxint g X)

lgx/1000000
X=2°

Exit

Figure 3-5
Binary Exponential Function

XP2.Core
= X — 22/1000000
r__________—J——___Eii_____ 0.0<Z<31.0
C =210
M = Z mod 1¢°
SX=1.0

{Scaled by 2°}

X=0

M = M1000 + Logs[N]/2
{ M now scaled by 10}

n=1
nsN
M = Logs|n]
M =M — Logs[n]
C<30 SX = SX + shr(SX,
X =shr(SX, 30 - C) X = SX _
{ Rounded } n—|n+1
([
Exit
Figure 3-6

Binary Exponential Core Function
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Since the outpuX will be an unscaled integer, if the inpliis negativeX is set to O since there are
no fractions in the integer domain. For all othgit0.0< Z < 31.0 XP2.Core splits the scaled input value
Z into an integer characteristitand a fractional, scaled mantidda Note that in the actual code, the output
variableX is used as a temporary 8K (the scaled product accumulator) to avoid deajganother local
variable. However, irFigure 3-6, SX is shown as a distinctly separate variable foritglaf discussion.
ThusX (asSX) is initialized to1.0 (but scaled by % for precision). EffectivelySX can thus be considered
to have its binary point between bits 29 and 3M IE 0.0, the iteration loop can be bypassed (the final
output will be an integral power of 2). Buthf # 0.0, thenM is in the range 0D.0 < M < 1.0and therefore
Sx = 2" will be confined to the rangk.0< SX < 2.0.SinceSX is always less tha®.0, we don’t need to
worry about turning on its sign bit as we calculdte chained produ@Xell (1 + Z"). As it originates, the
scaling ofM is 10 but theLogs table has a scaling of 3@herefore before entering the iteration lobpijs
scaled up by another factor of 1000 and then adiogrbias is added. As previously discussed, tias bf
Logs[N]/2 provides balancing of positive and negative errors

The iteration loop itself was already discussedanjunction withFigure 3-4 but, note that after the
iteration loop exitsSX = 2"¢2* and thu" = SX+2*. Also, since we warX = 2° = 2"+2° it follows that
the desired output valé = SX+2°*. Further, sinc€ < 30, we can better expre¥sas shown in equation
(3-16). Note that ifC = 30 X = SX (and since we’re using as a temp foEX, the actual code needs to do
nothing more).

(3-16) X =Sx/*°

However, ifC < 30 in order to convergX to the finalX value we need to divideX by 2™~ which
can be done by simply right shiftingX by 30—C bits. However, if we just right shift, we will adih
truncated results which will add another ‘one-sigecr’ (especially for smaller values #). But, such
truncation error can effectively be counterbalanogdsing aounded right shift. To round a right shift, we
need to inspect the bit that ‘falls off the right we make the last shift. If it is a one, we nieealdd 1 to the
result. The way this is done in the code is ta fiight shift SX by 29—-C bits, then increment it and finally
right shift it one more time**

30-C

If you compare the actual coding to the flow chya will notice a few differences. The maximum
iteration valueN is replaced by the symbolic constant narhedBits. The log rounding biasogs[N]/2 is
replaced by the symbolic constant nanh&B2. These two constants are defined within the datatfon
BuildLogTable.

*** NOTE: There is a potential sign bit problem associatgél the rounded right shift as described above.
If it were possible fo6X to beOx7FFFFFFF (prior to shifting) andC = 29 first we would shift righSX by
29—C = Obits (ie no shift). Then we would incremeé3X before the final right shift and in this case wihen
incrementSX, it would becomedx80000000 The final right shift would then mak&X = 0xC0000000
(which is a big negative number). This problemaiirse results from the fact that the incremerg@Xturns
on the sign bit and the KSP&h_right function propagates the sign (as mentioned prelyduHowever, |
don’t think that there is any way that this carually happen because whkhis the largest it can be, M

= 999999 the value ofSX that the algorithm computes B8x7FFFF7FC which of course is shy of
Ox7FFFFFFF so incrementing it won'’t turn on the sign bit. Hower, to be absolutely safe from this
potential problem, | simply masked off the sign difter the last right shift. It's probably not nesary but
it's cheap insurance, so why not use it?

3.3.2 Exp2 Error Analysis
An error analysis was run for tlexp2 algorithm with two input value ranges and the ltssare
shown inTable 3-5andTable 3-6 Table 3-5resulted from an inpugx range from0 to 16.00000Qvhile
Table 3-6resulted from the remaining input range frd61000000 to 31.000000
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Top 5 +/- Absolute Error Relative Error
#1 + +0.529  @Exp2(1594048%) +33.3%  @Exp2(584962)
#2+ |+0528 @Exp2(15868014) +33.3%  @Exp2(584963)
#3+  |+0.528 @Exp2(15956954) +33.3% @Exp2(5849|64)
#4 + +0.528 @Exp2(15938304) +33.3% @Exp2(5849|65)
Table 3-5 #5 + +0.527 @Exp2(15986297) +33.3% @Exp2(5849|66)
ExpTrorData #1 — -0.53  @Exp2(15993503) -33.3% @Exp2(5849p1)
lgx = 0 to 16,000,000 #2 — -0.528 @Exp2(15996772) -33.3% @Exp2(584960)
#3 — -0.528 @Exp2(1589885() -33.3% @Exp2(584959)
#4 — -0.528 @Exp2(1591570%) -33.3% @Exp2(5849b8)
#5 — -0.528 @Exp2(15917431) -33.3% @Exp2(584967)
Error Summary Data
Avqg Error: -0.0036 -0.329%
Avg |Error|: +0.25 +2.18%
Top 5 +/- Absolute Error Relative Error
#1 + +1020 @Fn(30999316) +0.0008% @Exp2(16006950)
#2 + +1020 @Exp2(30997010) +0.000798% @Exp2(16014[750)
#3 + +1020 @Exp2(30995500) +0.000798% @Exp2(16008439)
#4 + +1020 @Exp2(30998509) +0.000796% @Exp2(16005635)
#5 + +1020 @Exp2(30998022) +0.000794% @Exp2(16006P72)
Exp%ata #1 — -1030 @Exp2(30999532) -0.000808% @Exp2(16002H63)
Igx = 16,000,000 #2 — -1030 @Exp2(30999792) -0.000806% @Exp2(16002p41)
to 31,000,000 #3—  |-1030 @Exp2(30997835) -0.000805% @Exp2(16004571)
#4 — -1020 @Exp2(30998642) -0.000802% @Exp2(16005P65)
#5 — -1020 @Exp2(30999129) -0.0008% @Exp2(16008659)
Error Summary Data
Avg Error: -0.239 -6.39E-8%
Avg |Error|: +49.3 +5.3E-5%
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Before trying to relate the error data to the dualf our algorithm, we need to first understandatvh
the data would look like if the algorithm itself svarror free. Even if the function itself was petféhere
will be errors due to the limitations imposed bg thput and output number formats. For exampletHer
input argument range frotgx = 0tolgx = 1,000,000the output of a perfect algorithm would be thesekst
integer value fo29"°°” But, consider thaExp2(0) = 1andExp2(1000000) = 2This means that for all
the input values between 0 and 1,000,@X)p2 can only outputither 1 or 2 With real (floating point)
numbersExp2(0.584963) = 1.andExp2(1.321928) = 2.but with only integer output, we can only output
1, 2, or 3 as the closest integer. Therefore, fepealgorithm (with our input/output format limitans)
would probably output for Igx <584963and2 for 584963 < Igx < 1321928

Therefore, for small output values, there are faremnput values and therefore, there must be many
input numbers that produce the same output! Fomele there are more than a half-million input eslu
that will produce an output of 1 and another hailfitom input values that will produce an output 2fetc.
Therefore, compared with perfect, floating poinput and outputRelative errors will be large for small
numbers.

At the other extreme whdgx is near 31,000,000, the opposite problem existsh bfity a 6-digit
fraction for the mantissa, there are lots of ouiptggers for which there is rigx value that will produce
them. For example, again with a near-perfect alfgorj Exp2(30999998) = 2,147,480,67&and
Exp2(30999999) = 2,147,482,15Blote that more thah400 output integers are ‘skipped over’ when we
make the minimum change we can makégii Therefore, we can expect to see hidisolute errors for
large numbers.

Therefore much of the error that we seelTables 3-5 and 3-6is due mostly to the input/output
number format limitations rather than to imperfent in the algorithm itself. And, this makes itheat
difficult to assess the algorithm’s contributionti@ error with any degree of accuracy. In an éfforeduce
this ‘masking effect’ of the input/output errorhgbrid test’ was performed. For this test, Kieog2 routine
was cascaded with tHexp2 routine. With this configuration, if everything w@erfect, the output integer
from Exp2 should always be the same as the input integ€ttg2. When they differ, it will mostly result
from algorithmic errors in one or both of the rowts.

Of course this kind of test is still not totallyd@pendent of the input/output number resolutionrwhe
the numbers get large. T 0g2 routine, because it only has a 6-digit manitssaluéi®n, will by necessity
have to generate the same log value for multigdetivalues. At this level, th€Log?2 routine effectively is
compressingthe input data and tHexp2 routine tries to uncompress it. But because therot sufficient
precision for the mantissa, the compression islossless and thExp2 routine therefore cannot make a
perfect expansion. However, in spite of these deiaes, thelog/antilog hybrid test does provide a
somewhat clearer picture of algorithm accuracy. taéa taken for thid.og/Antilog Hybrid Test is
presented ifable 3-7.

In Table 3-7 the first input integer range tested was fi@no 400,000and for that range, the output
was exactly the same as the input (ie errorlesputinumber ranges abo¥80,000contained some errors.
the absolute value of which increased as the nwsrnihereased. For example, for the number range @rom
to 1,000,000the maximum error between input and output #whsvith an average absolute errorGo092
This means that only aboli0% of the number range frod00,000 to 1,000,008ad an error ot1 and the
rest were error free. Of course as the number seaggehigher, both the maximum absolute variandetlaa
average absolute variance continue to get largeweder, note that thRelative Variance,in parts per
million, remains pretty uniform throughout the upper numibages at an impressi®33 ppm Moreover
this low relative variance includes tbembined errors of theXLog2 andXExp2 routines, which is a pretty
convincing indication of the quality of these twig@ithms.
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Input Integer Range Max Output | Absolute Avg | Relative Avg

Variance Variance Variance

0 to 400,000 0 None None
to 1,000,000 1 0.092 0.112 ppm
to 2,000,000 2 0.31 0.221 ppm
to 5,000,000 6 1.44 0.32 ppm
to 10,000,000 11 2.8 0.33 ppm
to 20,000,000 25 4.9 0.33 ppm
to 50,000,000 64 11.4 0.33 ppm
to 100,000,000 128 24.6 0.33 ppm
to 500,000,000 625 154 0.34 ppm
to 1,000,000,000 1200 250 0.33 ppm
to 2,000,000,000 2500 500 0.33 ppm

Table 3-7

Log/Antilog Hybrid Test Data
Input Integer —» XLog2 - Exp2 - Output Integer

3.3.3 Expl10 and exp Functions
The naturabxp and commoriexp10 antilog functions are derived froExp2 by first converting the
base of the input argument to the binary base fllindamental relationship needed to ‘re-base’ aroe&pt
from base 10to base 2is given by equation (3-17). Similarly, convertiaig exponent frorbase eto base 2
Is given in (3-18).

(3_17) 16( — ld,og(z)/Log(z)-X: (1d_og(2)X/Log(2) — 2)</Log(2)
(3-18) & = 2@

From equations (3-17) and (3-18), we see that weedase the input value by simply dividing it by
an appropriate constant. H6kp10 we dividelgx by the constanitog(2) and forexp we dividelgx by the
constant_n(2). As was discussed section 3.2.3 the biggest challenge with re-basing is findingable
integer ratios that meet the conflicting requiretseof staying within the available headroom and als
preserving enough precision. The best techniqueWwkof to accomplish this is to splgx into its integer
and fractional components, rebase them individuallyd then recombine them. Because the integer
characteristic can easily be extracted frigx exactly, we can capitalize on the increased hesdrand
utilize a more accurate ratio ftfLog(2) or 1/Ln(2).

Basically, the outer shell routine fRixp10 clamps the output tMaxint if Ilgx > 9.3319291f Igx is
less than this, it is rebasedrbg = Igx/Log(2) and passed to théP2.Core routine. Similarly, the outer shell
routine forexp clamps the output t¥axint if Igx > 21.487562and otherwise rebases itrtax = Igx/Ln(2)
before passing it to th€P2.Core routine Note that for eithdexpl10 or exp, the inputigx is rebased to the
allowable binary exponent ran@eD < rbx < 31.0 beforeXP2.Coreis invoked. Details of how the exponent
is rebased foExp10 andexp will be discussed next.
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For Expl10, the characteristic dfx is multiplied by the ratid 06301699/32 = 3,321,928.09hich
approximated/Log(2)+10 to 10 digit accuracy. Since the unscaled chatictlgx, is always less than 10,
the minimum headroom available for base conversi@bout238+1G which is more than adequate for the
above ratio. The scaled mantissa componeidpofs always less thah0® so the minimum headroom for
rebasing is abow147 The best ratio within this headroom2i36/643which approximate&/Log(2) with
about 7-digit accuracy. Since the mantissa only@adggit output precision, this should be adequiatehe
scaled mantissa.

For exp the characteristic olgx is multiplied by the ratior0692057/49 = 1,442695.04&hich
approximated/Ln(2)+10° to 10 digit accuracy. Since the unscaled chatact$lgx, is always less than 22,
the minimum headroom available for rebasing is ai6@+10 which again is sufficient for the above ratio.
The scaled mantissa componentf is always less thah0® so the minimum headroom for rebasing is
about2147. The best ratio within this headroom 1649/1143which approximated/Ln(2) with about
7-digit accuracy.

3.4 Other Derivative Routines
The KSP Math Library includes two conversion roeasirthat utilize theXLog10 function and one
routine that uses tHexp10 function. These derivative routines will now bsalissed briefly.

ep_to_mdb

This format conversion routine accepts a volumerobengine parameted& N < 1000000 as input and
returns the equivalent volume levebl in mdb. If the value oiN < O, the routine returngol = Muted and

if N> 1,000,000the routine returns21000 mdh For0O < N < 100000Qhis routine computes volume using
the formula:Vol = 20000+log(N/Nmj + 12000= 60000<[log(N) — log(Nm)] = 60000¢log(N) - 348000
which is based on KontaktE8db/octavevolume control function. The common log in thigoeession is
performed by th&XLog10 function as followsVol = 0.06eXLog10(N) - 348000 = [3*XLog10(N) + 250

- 348000

mdb_to_ep

This format conversion routine accepts a volumell®ol in mdb as input and returns the corresponding
engine parametér< N < 1000000 If Vol < Muted, this routine returnsl = 0 and ifVol > 12000 mdh this
routine returndN = 1000000 For -200000 < Vol < 12000this routine returndl = Nme10™ ~ 120096°% gy
after converting to a net positive exponeéits Nme1g"® * 200000/609%1 721209909y hich can be reduced to the
following: N = 292.864+1( * 29999 N = 292.864+Exp10[100+(Vol + 200003)/6]

VR_to_mdb

This format conversion routine accepts a scaledivel Ratio as the inpt< VR < 4000Q whereVR =
10000+V/V,and returns the equivaleviol in mdb. IfVR < O, this routine return¥ol = Muted and ifVR >
40000this routine return§2000 mdb For0 < VR < 40000 this routine computegol = 20000+log(VR) —
80000 Which translates to/ol = 0.02°XLog10(VR) - 80000 = [XLog10(VR) + 25]-80000.

Please note that this routine performs the sametibmasGet_db but since it uses the more accurate
XLog10 function (instead of theog10 function) it returns more accurate results and atsepts &R of as
high as40,000versus a max df0,000for Get_db. However,Get_db executes faster since it is based on the
DeVos approximation instead of the iterative CORDIC
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4.0 The Root3 Function

4.1 Introduction
The Root3(X,r) function accepts any signed integepver the full, 32-bit range2* < X < 2* and
returns its cube roat, scaled by 10 Previously, the cube root function was embeddadR_to_epbut for
V210+ it has been factored out and extended in barige and precision. Mathematically, fRReot3(X,r)
routine implements the function of equation (4-1).

(4-1) r=10-x"*

4.2 Algorithm Overview
This algorithm extracts the cube root using 3 peaBhase 1 handles input normalization and special
values. Phase 2 determines the integer part afuhe root and phase 3 approximates the fracticanalgh
the root. A top-level flow chart for the cube rdonction is shown idrigure 4-1

Root3

X.n
X = 9%

r =-129015915 A = absK)

r =10-X

r = IRoot(A) |
| (
r = FRoot(A)

|
r=@r2°%+2)/4

Exit

Figure 4-1
Root3 Algorithm
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Starting at the top ofigure 4-1, the first decision tests for the biggest possitdgative integer,
-2,147,483,648If X is that value, the left branch is taken and tleegaiculated cube root e£290.15915s
returned for. Of course the actual value returned is the intel£9015915and the decimal point is implied
(because the output is presumed to be scaled L pyThis left branch test is necessary becélse is no
positive counterpart for the biggest negative valuelf X is not the biggest negative value, its absolute
value is placed in the local varialAe Thus, for negative values ¥f, the cube root adbs(X) is found and
then the final result is negated.

After A is set to the absolute valueXfA is tested against 2. X < 2, it means thaX =0 or X = £1.
For any of these 3 values, the cube rooXa$ the value oK itself (but of course it must be scaled up by
10°). Thusr is set tol0’-X in the rightmost branch. For all remaining integalues of X, ie

-2,147,483,64& X < 2,147,483,647

the main body of the algorithm is executed. Inrte@n body, the value @& is first normalized such that it
becomes a value in the hexadecimal rafiyd:0000000< A < Ox7FFFFFFF This is accomplished by
testing the highest 4 bits and left shifting byiBgwsitions at a time until the highest 4 bits ao&-zero. The
variableS keeps track of how many 3-bit shifts are requicedchieve normalization. This value will be used
later to denormalize the final cube root value.

OnceA is normalized, two subfunctions are used to complg integer and fractional parts for the
cube root ofA. These subfunctions are showrFigure 4-1 asIRoot3 andFRoot3 respectively. The details
of these subfunctions will be discussed subsequédtitiwever, as coded in the act&aot3 routine, on exit
from theFRoot3 procedure, the value ofwill be the cube root o, scaled byts10’. The additional factor
of 4 is used to preserve more interim precisiorptd denormalization and rounding. Denormalization
requires that the cube root be right-shiftedSolyit positions and rounding is performed by halfuating
before the final division by 4 (actually performieg an additional 2-bit right shift). After denornztion
and rounding, the orignal value ¥fis examined and if it is negative, the valuer a§ negated (since the
cube root of a negative number must also be negativ

4.3 The IRoot3 Subfunction
Over the normalized range Af the integer pait of the cube root oA will be a value in the range of
645<1 <1290 And, for every such root there exists a pairaisecutive integers$, andl,, that are related
as shown in the equations and inequalities of (@@ugh (4-4).

4-2) L=1,+1
(4-3) I <r
(4-4) l,>r

The purpose of the subfunctitiRoot3 is to find one of these bracketing integgrer|,. One way of
doing that is depicted in the flowchart Bigure 4-2. This sub-function starts with an initial estimate
‘guess’ for the cube root and then uses Newton'thatkto iteratively ‘refine’ the initial guess uingitherl
orl, is found. The criterion for loop exit is to stdaprating when two successive loop passes yieldegdior
r that differ from each other by less than two {fezbro or one). While a possildaceptionto this will be
discussed irsection 4.3.1for now we will assume that when this conditierachieved; will be eitherl ; or
|, as desired.
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IRoot3

(An)

r = Guess(A)
rt=0
® abs(r-rl)<2
|
ri=r
r=(2* + A/(r*r))/3
Exit |
[
Figure 4-2

IRoot3 Sub-Function

One rather crude way to make our initial guess fisrto start with the cube root of the normalized
range mid-point. Since the median normalized ramtldaa A = 0x48000000 = 1,207,959,5%% can use an
initial guess or = 1065 The subfunction oFigure 4-2 can be put in a loop and tested for every integer
value over the normalized range to determine thgimman number of Newton iterations needed. If we
always start with a guess of= 1065 the maximum number of iterations required is d.r&duce this
number we could either use a faster-convergingtitan method (such as Halley's method) or we ctdat
with a more accurate guess. While using Halley'shoe has the potential to reduce the number of
iterations, it also adds more calculations per Ipags. So if we can find a fast way to make béjtegsses’
for r, it may be preferable.

One way we can make a better initial guess (witladot of additional calculations to slow us down)
is to use a table of starting guesses and choes&adkting value for based on the value 8f. For example,
we could divide the normalized number rangédhto 7 equal zones and use the cube root of eact’'z
median value as our starting estimaterfofrhis strategy is depicted irable 4-1

7-Zone Initial Guess
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Zone | Normalized Input Range Median Guess
1 0x10000000 to Ox1FFFFFFF 0x1800000( 738
2 0x20000000 to Ox2FFFFFFF 0x2800000( 876
3 0x30000000 to Ox3FFFFFFF 0x3800000( 979
4 0x40000000 to Ox4FFFFFFF 0x4800000( 106
5 0x50000000 to OX5FFFFFFF 0x5800000( 113¢
6 0x60000000 to Ox6FFFFFFF 0x6800000( 1204
7 0x70000000 to Ox7FFFFFFF 0x7800000( 126:

Table 4-1



To access such a table of guesses is simple beakhuwse have to do is use the top four bitsAoés
an index into the table. Only 3 of these bits &yaicant (since the sign bit is always zero) soew we shift
A to the right by 28 bit positions, we will obtainvalue from 1 to 7. And, if we want the table to be
zero-based (as requrired by the KSP), all that dibel necessary to get our starting estimate foould be
the following simple line of code (assuming that table array is nameR3Thbl).

r := R3Tbl[sh_right(A,28) - 1]

UsingTable 4-1to obtain our initial guess forreduces the maximum iterations from 4 to 3 butenor
interestingly, zones 7 and 6 never exceed 2 itaratiFrom this information, we can conclude thatltdwer
normalized numbers converge slower than the higherbers and this suggests that we might benefit fro
sub-dividing the lower zones. By splitting zonegl 3and 5 into two sub-zones each and by splitomes 1
and 2 into four sub-zones each, no more than twetdieiterations are required for any input integlend,
since the iteration loop exit criterion is thratloesn’t change by more than one for the last tass@spnly
a single Newton iteration is necessartp obtainl, orl,.

The minimum number of zones and correspondingainguesses required to achieve this is 16 as
shown inTable 4-2 However, to access such a compact table contpisimgle, dual, and quad zone
sub-divisions requires more code with several caegpand shifts involved. This would both incredse t
number of code lines and the execution time as. wigivever, we can easily avoid this complication by

simply using a larger table with some redundantesnt

16-Zone Initial Guess
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Zone | Normalized Input Range Median Guess
la 0x10000000 to Ox13FFFFFF 0x12000000 671
1b 0x14000000 to Ox17FFFFFF 0x1600000( 717
1c 0x18000000 to Ox1BFFFFFF 0x1A00000( 758
1d 0x1C000000 to Ox1FFFFFFF 0x1E00000( 795
2a 0x20000000 to Ox23FFFFFF 0x22000000 829
2b 0x24000000 to Ox27FFFFFF 0x2600000( 861
2¢c 0x28000000 to Ox2BFFFFFF 0x2A00000( 890
2d 0x2C000000 to Ox2FFFFFFF 0x2E00000( 917
3a 0x30000000 to Ox37FFFFFF 0x34000000 954
3b 0x38000000 to Ox3FFFFFFF 0x3C00000( 1002
4a 0x40000000 to Ox47FFFFFF 0x44000000 104%
4b 0x48000000 to Ox4FFFFFFF 0x4C00000( 1084
5a 0x50000000 to Ox57FFFFFF 0x54000000 1121
5b 0x58000000 to OX5FFFFFFF 0x5C00000( 1156

0x60000000 to Ox6FFFFFFF 0x6800000( 1204
0x70000000 to Ox7FFFFFFF 0x7800000C 1263
Table 4-2



This is the approach used for the library impleragah of Root3, since | felt execution time and
code compactness were more important than a mtatestsize increase. By simply sub-dividing theoail
7 zones into quarters (which then requires a 28wefe table) we can easily obtain our initial guassa
function of A with the following single line of code.

r := R3Tbl[sh_right(A,26) - 4]

By using Halley’s method, which converges fastanthlewton’s, the number of starting guesses can
be reduced from 16 to 8 and thus our table sizeeeaily be reduced by a factor of 2. However, Halle
requires more calculations and, because of intagdrmetic limitations, a lot more scaling and ardeg
‘tricks’ are also required to maintain enough ps@m to make it work. The end result is that severare
code lines are needed and the execution time iseseguite a bit. Therefore, it was decided to stitk the
simpler Newton iteration because its only penatihat a somewhat larger table is needed to support

4.3.1 Exit Criterion Revisited

As mentioned at the beginning 8ection 4.3 there is a possible complication associated iéh
Newton iteration criterion. Remember that empiritedts of all normalized input values revealed (aat
long as we use the initial guesses froable 4-2 no more than two Newton iterations are requirgiy
zones. And, up until now we have assumed that wliersuccessive iterations yield values that arg onke
apart, the two values represénandl, as defined by equations (4-2), (4-3), and (4-Hwklver, it seems at
least intuitively possible that for some input \eduthe first and second iteration might both bevator both
be below the root (rather than straddling it).hi&tt should be the case, then, while the 2nd itaratiould
still produce eithet, or |, the first iteratiorwould not. While there might be some sound mathematical
reason why this could never happen, rather thaingtg my poor old brain with it, | decided instetd
prove it by further empirical testing. Thereforeah all possible integers through a single Newiteration
and verfied that no input value ever caused®o®t process to output anything dytor I ,.

4.4 The FRoot3 Subfunction
There are several techniques that can be usedptoxamate the fractional component of the cube
root (after we have obtained the integer part ftbmlRoot3) sub-function. One of the easiest ways is to
utilize the simple binomial approximation givenequation (4-5). To see how this approximation can b
utilized, let’s denote the integer root frdRoot3 by the lettel and the desired fractional component by the
letter F (for the actual library implementation the variables used for both the integer and final root value
but here we’ll usé andF for clarity).

Equation (4-6) expresses the ‘remainder’ (or @frgou like) after subtracting the cube of the gee
root from the radicand. SincelRoot3 provides eithet, or |, I° could be less or more th@&hsoRem (as
well asF) are signed values. Equation (4-7) simply cubesabmposite root and equates itAoas our
starting point. The next step in (4-7) factors Buto get the binomial into the proper form of (b)%. Now,
as long a$/I is much smaller than 1, the approximation of (&&) be used as shown in the last two steps
of (4-7). And, solving folF, we obtain equation (4-8). Finally, we can comHbiredF after scaling by 10
to obtain the final formula for the scaleabt as shown in equation (4-9). Note thaR#ém < Q it meand >
r so that~ will be a negative fractional value.

(4-5) (1xb)" = 1+nb | ifb<<1

(4-6) Rem=A -1

(4-7) A=(+F)°=1PQ+FN)°=1°Q+3-F/I)=1°+3-F-F
(4-8) F = (A="1)/(3-1) = Rem/(3-f)

(4-9) root = 10:1 + 10-Rem/(3-f)
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The accuracy of equation 4-9 depends on severtdr&mne of which is how smal/l really is
compared to one. Note thd&oot3 provides eithet = I, or | = 1,, so in generahbs(F) could almost be as
high as 1.0. However, if we modifiRoot3 so it will always provide thelosestinteger to the actual root,
then the maximum absolute valueFotan be cut in half and thads(F)< 0.5which will definitely enhance
precision. Moreover, if we keep smaller, we can use more scaling during the imtezalculations to
minimize divsion truncation errors. By embellishiliRpot3 to provide the closest integer to the root, the
binary approximation is overall, remarkably accerat

However, if we modifyilRoot3 to find the closest integer to the root, it addgeya few code lines
and several otherwise unnecessary multiplicatiohghvslows down the overall execution time for the
routine. Yet without finding the closest root, theecsion of the fractional approximation is serlgus
degraded. Obviously, it would be nice if we cowdid the necessity of finding the closest rootdlsd not
suffer any material loss of precision. A carefuidpaction of equation (4-9) reveals that it is matatcally
identical to what we would get if we scaledy 10 and then performed anothiewton iteration. This
suggests that we might be able to improve thingschyingl and then performing ldalley iteration instead
of aNewton. Since Halley converges more rapidly we might ble & get more precision (under the same
conditions) or about the same precsion but oveidanvdomain. This latter posibility leads us to Hopeful
expectation that we might be able to eliminatented to find the closest integer and still mainsaifficient
precision. And indeed, this does turn out to bectise.

Now, I'd like to say that it was the foregoing ftmeof thought’ that led to using this technique floe
Root3 library routine. However, credit for the idea @fing a Halley iteration to derive the fractionaftpat
the root has to go tdoris on theVI Forum . Only after he suggested this idea did | tumble to the faat th
my binomial approximation was really a Newton itema in disguise. But thanks to Joris, the finatsien
of Root3 is now faster and more compact and yet has nédelhtical precision with the prior binomial
version. In fact, if one is willing to accept a nestl speed reduction (on the order of 10% slowee)Halley
approximation can be coaxed to provide even sup@recision to that of the closest-integer binomial
algorithm. However, the current library versionRifot3 was chosen for speed and compactness while still
maintaining more than adequate overall accuracgdase seen by referring $&ction 4-6.

4.5 Library Implementation
Refer to the top-level flow chart dfigure 4-1 and we will now discuss the actual library
implementation of théRoot3 and FRoot3 subfunctions. Each of these subfunctions is impleed with
two lines of code as follows:

r := R3Tbl[sh_right(A,26) — 4]
r:= (2*r + A/(r*r))/3

M :=Alr-rr
r := 400000*r + 400000*M/(3*r + M/r) |

The first line obtains an appropriate ‘guess’ toe integer root from the 16-value table in theyarra
namedR3Tbl. This process has already been discuss&ekation 4.3 The second line refines this ‘guess’
in r by performing a single Newton iteration. No spksiealing was required to accomplish the desired
mission of obtaining = 1, orr = I, as discussed i8ection 4.3 Therefore, after these first two lines of code
execute, the variablecontains the integer part of the root (ie eitheor ).

IRoot3

FRoot3

The last two lines scateby 4-10 and derive the Halley approximation for the frantl part of the
root. Note that this scaling is 4 times the reqité final output scaling. This extra scaling as wesliagher
details of the Halley iteration will be discussexkn
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One way of expressing the formula for a Halleyatiem is given in equation (4-10). In this equation
r, represents the current value rofthe integer root) and,,, represents the ‘final’ value of the root
(including the fractional part). First note thaéttermA - r ° is the remainder (or error in the integer cube).
Thus, if we denote this remainder Bgm, we can re-write equation (4-10) as shown in (1-Nbw if we
factorr,, from the denominator we can express equation {&41n (4-12).

(4-10) r=r+A=r)3Er’+A-r°)r]
(4-11) r. =r, +Rem/[3:r°+ Rem/r]

(4-12) r.. =r,+ (Rem/r)/[3r, + Rem/r’]
(4-13) M = Rem/r,

(4-14) ey =y + M/(3:r, + MIr,)

Next, we define a new variabld as shown in equation 4-13 and after substitutigyinto equation
(4-12) we obtain equation (4-14). Except for s@albonsiderations, equation (4-14) is of the formwaat
for our implementation. By comparing equation (4§-tdth code lines 3 and 4 shown at the beginning of
Section 4.5 we can see that both terms of (4-1el)arely multiplied by 400000. Comparing (4-11)hwit
(4-9) we see that the only difference between thlbehd and Newton iteration formulae is that Halles an
additionalRem/r, term in the denominator

To preserve reasonable accuracy in the result, @&l to minimize the truncation error in the
first-order division of the numerat®. The denominator division &fl/r is a second-order term and much
less critical, so we won’t need to scale it. Butwauld like to multiply the numeratdd by as big a value as
we can before dividing it b§8-r + M/r). Of course the current integer value ahust be scaled by the same
amount so we can add it to the scaled fraction. Nbe question arises, how big can we make ouescal
factor? What we must insure is that the multiplmatof our scaling factor b must not exceed the
maximum integer value or arithmetic overflow widisult.

Therefore to determine the maximum value of oulisgaonstant we need to know the maximum
value ofM. There are various ways of arriving at a ballpaxdximum forM but again, since the integer
number set is finite (even though it is rather éagg 2+ billion), | thought it best to once aga@sart to
empirical methods. By running all the numbers tiglothelRoot3 subfunction and then computing each
corresponding value &fl the maximum range fov was determined and is shown as expression (4-15).

(4-15) -285% M < +3789

From (4-15) and knowing the maximum integer valieecan compute that our scaling factor can be
no higher tha566,767 Since we want our final output scaling to b& 4@ should pick a convenient integer
multiple of this (preferably a power of two so #&rcbe removed by shifting instead of with a divigiorhe
highest value that satisfies these conditiong-i&®2which is what is used for the Halley calculati@aling.

Therefore, after executing the two lines of codetli@ Halley iteration; contains the cube root &f
scaled by 4-10 Refering back again t&igure 4-1, we can now understand the denormalization and
rounding process. Since after normalizatidr; [X|-2°, and since = 4.10-A"° = 4.10-|X[">-2", to finish up
we must first multiplyr by 2°° (which is the same as shifting it right 8yit positions). Finally, we add 2 and
then shift right 2 more times (effectively dividifyy 4 with half-adjust rounding). After doing thae will
have the rounded result we want, nanrely 10°-|X["°. The final step of course is to negat# the input
value ofX is negative.
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4.6 Root3 Error Analysis
The completed algorithm was run for the entire (tronal) positive number range from 2 to
2,147,483,647 and our usual set of statistics wi#leated.Table 4-3 shows the tabulated error data. The
data pretty much speaks for itself. The averagelateserror magnitude indicates that the 5 fraaiatgits
are typically correct out through the 4th digit vihaximum absolute errors around 0.0005. The aeerag
Relative error magnitude is about one part in 1lioniwith a maximum around 2 parts per million.

For approximately a 10% speed penalty, these statistics can be improved by roughly a factor of
two by simply replacing the two lines of code foe tHalley iteration with the following two lines.

M := 1000*(A/r - r*r) + 1000*(A mod r)/r
r := 400000*r + 400*M/(3*r + M/r/1000)
With the above code in place, the average absduta magnitude drops to about 0.00006 as

opposed to 0.00012 for the current routine. Theagesrelative error magnitude drops to about 7spaet
100 million (as opposed to about 10 parts per 1didomfor the current implementation).

Top 5 +/- Absolute Error Relative Error
#1 + +0.000498 @X =300760323 +0.000237% @X|=5
#2 + +0.000497 @X =300760324  +0.000137% @X = 38
#3 + +0.000496 @X = 300760325 +0.000117% @X =49
#4 + +0.000496 @X =300760326 +0.000114% @X =70
#5 + +0.000495 @X = 300757647 +0.000113% @X =53
#1 - -0.000519 @X = 269589365 -0.000218% @X =10
#2 — -0.000519 @X = 269592595 -0.000205% @X = 26
#3 — -0.000519 @X = 269595825 -0.000199% @X =13
#4 — -0.000519 @X = 269599055 -0.000184% @X =
#5 — -0.000519 @X = 270856197 -0.000151% @X =21

Error Summary Data
Avg Error: -0.0000921 -0.0000102%
Avg |Error|: +0.000117 +0.0000130%
Table 4-3

Root3 Error Stats
X =2to 2,147,483,647
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4.7 Derivative Routines
Since theMath Library now includes a separate cube root function, tinado format conversion
routine named/R_to_epis now implemented as a function dependenRoat3. In addition, a new format
conversion routine nameitch_to_ep (which is also dependent ddoot3) has been added. These two
derivative routines will now be discussed briefly.

Pitch_to_ep(P,N)

This format conversion routine accepts a Pitche@hucents, 2200< P < +1200and returns the equivalent
engine paramete < N < 1000000 Using Kontakt's 18db/octave control taper, thigtine computes thep
using the formulaN = 500000-(P/1208} + 500000,0or N = 1000-(125-1%1200-P}® + 500000 which
reduces tN = 10*(104167-P}* + 500000

The cube root 0104167-Fs calculated using theoot3 library routine which return6104167-P}°® scaled
by 10 instead of 1f) so it must be divided by 100 to get the finalidgsresult NOTE: ForP > 12000r P
<-120Q N is clamped at,000,000and O respectively.

VR_to_ep(VR,N)

This format conversion routine accepts a scalednael ratioVR = 10,000-V/\,, 0 < VR < 40,000 and
returns the equivalent engine paraméteiO < N < 1,000,000 This conversion is based on the formula:

N = 1¢-(0.25-V/\)™ or 10*(25-VR)” and sincdRoot3 returns N = 10-(25-VR)" it must be reduced by a
factor of 10 as a final step.

NOTE: ForVR <0orVR >40,00Q N is clamped ab and1,000,000respectively.
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5.0 THE ATFADE FUNCTION

5.1 Introduction
The ATFade function is intended to be incorporated into attsasipt that requires overall volume
control to be handled by a MIDI CC acting as an iatiiaper Fader. This function is called with 3
parameters as followsATFade(cv,rng,atn). ‘cv’ is an input value)..127from the desired MIDI CCrng’
is an input value(..100% from a user adjustable Range control &td’ is the output audio-contoured
attenuation in mdb.

The electronic equivalent of K2’s MIDI CC contral shown inFigure 5-1. The ATFade function
operates in a similar way except that withFade, the contouring of the MIDI CC is more like thdtap
traditional ‘audio’ fader whereas in K2, the contad the potentiometers is simply linear. So, wiyeu
assign a CC to modulate the amplifier in K2, sorhthe most-needed volume levels are cramped togethe
in a small region of the CC’s travélTFade on the other hand, spreads the most-needed dfitamuange
of 0 to -25 dbacross the top 60% of the CC’s travel (just likeeal mixing-board fader). In addition, by
setting a suitable value for the Range parametgriialent to K2's Intensity slider), you can narrtive total
range of the CC by bringing up the bottom end. Thisquivalent to removing the lower end of theefad
scale and then stretching the remainder back tduthsize (seeFigure 5-2). With such tapers, you can
easily control volume expressively.

> —>
Figure 5-1 0 g
Electronic Equivalent For Volume g Modulated
K2’s Positive Modulation = Volume
100L—10

db

0
D —f—
il —f—
-10 =—j— 6 —f—

15 ——
15 o
20 == 10 — | —
25— 20 —|— 12 — | —
36 — | — 24 — | — 14 —|—
48— — 30 — | — 16 — | —
60 — | —
-80 — | — 40 —J— 18 — | —
0 =1 -50 — I — 20 —I—
Range = 100% Range = 80% Range = 50%
Figure 5-2

Audio Contours
at various ‘Range’ settings
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5.2 ATFade Math

When therng input is isset to 100% the attenuation output versus theinput is a 3-segment,
linear-db curve as depicted kigure 5-3. The normal ‘working zone’ fror to -25dh is controlled by the
cv = 127 to 50range. This is about 61% of the full ‘fader’ trav&he quiet or ‘soft zone’ frori25db to
-60db is controlled by the range of = 50 to 17 which is about 26% of the full ‘fader’ travel. Anthe
‘fade-out’ zone from60db to -200db(where -200db is for all practical purposedlisted), is covered by
the lowest 13% of the full ‘fader’travel ok = 17 to 0 Thus, withRange = 100% the fader’s audio control
characteristic is as depicted by the scale showineheftmost drawing dfigure 5-2

Internally, the output attenuation is controlledeblpcal control variable namext. Specifically, the
relationship betweeex and the inputv is given by equation (5-1). Note that wheg = 100%, cx = cvand
whenrng = 0% thatcx = 127

(5-1) cx =127 + (cv —127)-rng/100

Effectively, the value ofng, restricts the full range of attenuation contralbg/cv by removing some
of the bottom end. This is depicted graphicallyrigure 5-3 by the dashed vertical line labeled on topwas
= 0. ThiscxO0line (which is a function of theng value) determines the value®f (whencv = 0).

cx=cc=127

0 17

atn

O db ref

-25db A

cv=0..127

\

-60db -

cv = Input control value
rng = Input Range
atn = Output Attenuation
cx = Internal Control Index

Figure 5-3
3-segment Audio Contour
With Overall Range Control

-200db ¥ Muted
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The attenuation formulae are given in equationg)(55-3), and (5-4) for the 3 segments of the
curve. Equation (5-2) gives the attenuation for tremal ‘working’ zone, equation (5-3) gives the
attenuation for the ‘soft zone’ and equation (5%#Es the attenuation for the ‘fadeout’ zone.

(5-2) atn = 25-(cx — 127)/77 50 < cx < 127
(5-3) atn = -60 + 35-(cx — 17)/33 17 <cx < 50
(5-4) atn = -200 + 140-cx /17 0<cx<17

Equations (5-2), (5-3), and (5-4) give the attermnestin db. However, for the actual KSP implemen-
tation we want the attenuation output in mdb andhaeuld also round the divisions for a smoothepaoase.
Since all the divisors are odd, we need to douidentumerator and denominator of each expressiaveso
can use an integer half-adjust value for roundiimis, the KSP equations fain are as given in (5-5), (5-6),
and (5-7).

(5-5) atn = [50000-(cx — 127) — 72]/154 50 < cx < 127
(5-6) atn = -60000 + [70000-(cx — 17) + 33)/66 17 < cx& 5
(5-7) atn = -200000 + (280000-cx + 17)/34 0<cx<17

Take a look now at the code fafFade. The routine begins by computing as shown in equation
(5-1). Then a 3-way case statement is used totsglach zonecx is in. Finally,atn in mdb is calculated
using the appropriate equation selected from (%558, or (5-7) with-200000in (5-7) being replaced by the
constant nametuted. Note that this constant is also made availablgnéohost script if eitheATFade,
Get_db, or VR_to_mdb is called by the host (just as the constant nafkegb0 is made available to the
host if any of the Trig functions are called).hethost script useéduted instead 0£200000 mdbthe host
will then be self correcting if the library valuerfViuted is ever changed.
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Appendix A

Library Routine Benchmarks
The execution time for each basic routine was nredsusing antel Core 2 Duo, 2.53GHz PC
with 4 GB of Ram. Execution time was measured for b&th andK3 (since K3 is noticeably slower at
running scripts) and the data is tabulated@able A-1. When execution time is dependent on the inputejal
the times shown in the table is that for the woeste input data sets. Thus for an average mixturgaot
values, execution time will be somewhat faster tstaown.

Input data values outside the normal range, as agetither special values that the library functions
find ‘trivial’ to compute are of course avoided.riexample, the cube-root of 0 or 1 is computed geiigkly
without invoking the normal body of the algorithitdsing such input values for testing would produce
deceptively fast results and are therefore exclidaeth the benchmark tests. Overall, the tablulatath
tends to be more pessimistic than optimistic.

But, keep in mind that this data was taken with t&&hrunning standalone and no other applications
running (other than the usual background servidégpu have a faster or slower computer or if \are
running many other applications, you may experidoeger or worse performance. However, the relative
performance of the routines should be fairly caesis For example,.og10 will generally run about six
times faster thaXLog10 and any of these routines will run faster vkt than withK3.

Library Routine K2 K3
ep_to_mdb 9.0us 10.8us
Exp2 5.2us 6.7us
Exp10 5.5us 6.9us
exp 5.6 us 7.0ps
Get_db 1.9us 2.5us
Log2 1.2ps 1.5ps
Log10 1.4ps 1.8us
Ln 1.4ps 1.8ps
mdb_to ep 6.3us 7.1us
Pitch_to_ep 1.6pus 2.0pus
Root3 1.4ps 1.9us
SinCos 8.2us 9.5us
Tangent 8.3us 9.7ps
VR_to_ep 1.9us 2.3us
VR_to_mdb 9.4us 11.1ps
XLog2 8.4us 10.0ps
XLog10 8.6us 10.4ps
XLn 8.5us 10.4ps

Table A-1

Execution Times
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